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Embryology. — On lens-induction. By M. W. WoERDEMAN. 
(Communicated at the meeting of March 25, 1939.) 


On a previous occasion I communicated the results of an investigation 
into the inducing capacity of the eye vesicle in Axolotl embryos (see Proc. 
Kon. Ned. Akad. v. Wetensch., Vol. XLI, 4, 336, 1938). 

Eye vesicles of different ages were grafted into the abdominal wali and 
covered with ectoderm, likewise of varying age. The eye vesicles proved 
to be able to induce not only lenses but also nasal pits and ear vesicles. 

By this time I can communicate that experiments on embryos of Triton 
taeniatus yielded similar results. 

A number of supplementary observations, however, made it necessary 
to pay special attention to the induction of lenses. 

As a rule this is conceived as follows: During embryonic development 
the eye vesicle (presumptive retina) comes into contact with the ectoderm 
of the head and there induces a cell proliferation which is transformed into 
a vesicle (lens vesicle) and then separates from the ectoderm. The wall of 
the vesicle, in touch with the presumptive retina (I will call it “inner 
wall’), displays a differentiation of the cells into lens fibres, the wall 
turned towards the ectoderm (‘outer wall”) producing the lens epithelium. 
The formation of lens fibres is likewise based upon an inducing activity 
of the retina. 

In my experimental embryos now I found not only lenses normally 
situated in the pupil of the grafted eye cup but also some which without 
contact with the eye lay rather far away from the graft or were in touch 
with the pigment layer of the retina (tapetum). Moreover, I observed 
embryos containing a large number of lenses in the neighbourhood of the 
grafted eye vesicle, some of which were more highly differentiated, others 
less so. 

Frequently I found the grafted eyes in an abnormal position, e.g. with 
the pupil turned inside, while they had all been grafted with the pupil on 
the outside. 

Purther I often found a lens in the pupil, situated far from the ectoderm, 
which gave the impression that the eye vesicle had induced a lens out of 
other material than the epidermis of the head. As a matter of course, such 
abnormal positions occur frequently on grafting the eye vesicle into the 
blastocoele, which operation I performed a number of times as well (see 
the above-mentioned report in the Proceedings). 

In the literature similar observations have been published, while 
conclusions were drawn which I consider not entirely proved. 
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In order to be able to judge these conclusions, I have considered how 
the lens rudiment will react when sooner or later in its development the 
contact with the eye vesicle is broken. 

For various reasons the experiments were first made on embryos of 
Rana esculenta. 

As starting-point were taken the stages with beginning tail bud formation. 
They were chosen in such a way that the lens anlage of the experimental 
embryo had not yet been formed into a vesicle. I might now have extirpated 
the eye rudiment and left the lens proliferation where it was, as some 
workers did, but in order to eliminate the influence of neighbouring head 
organs, which a priori may not be excluded (OKADA and MIKAMI, 
DRAGOMIROW 1929, FILATOW 1925, IKEDA, HOLTFRETER), I chose another 
technique. The lens proliferation was extirpated and grafted under the 
ectoderm of the abdomen. Lens proliferations were also cultivated in vitro, 
but this method yielded less satisfactory results. 

Five or six days after the operation the experimental embryos were 
killed and examined microscopically. 

It became evident that very young lens proliferations had not developed 
further than to the vesicular stage and showed no or hardly any lens fibre 
formation. Slightly older lens proliferations had developed into lens vesicles 
with fibres, but the fibre formation was neither regular nor extensive. In 
some cases fibres developed from the original inner wall of the lens vesicle, 
in spite of the fact that against the outer wall a fragment of retinal tissue 
was situated which had been grafted at the same time. 

Consequently I obtained the impression that the formation of a vesicle 
and of fibres during the development of the lens may take place without 
contact with the presumptive retina, i.e. that these processes are induced 
already in an early stage of development and that only a short contact of 
eye vesicle and ectoderm is needed. 

For a satisfactory development of the fibres, however, apparently a 
longer contact or a constant influence of the retina is necessary (see also 
PERRI, 1934). 

This is in contradiction with the opinion of SPEMANN that in Rana 
esculenta a so-called “independent” lens formation occurs. During 
numerous previous experiments on lens development in this animal I never 
observed an independent lens formation. Other workers likewise state that 
they cannot confirm SPEMANN’s opinion, although in the literature also 
observations are recorded involving a confirmation. It is not impossible that 
here differences between esculenta races are responsible for the varying 
results. 

The opinion, that for induction of a lens only a short contact between 
epidermis and eye vesicle is required, is also supported by DRAGOMIROW 
(1930) and by Fitarow (1934), Concerning the exact time, at which the 
lens components are determinated, opinions still differ. 

Reverting now to the observations which gave rise to the above-mentioned 
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investigation, I am inclined to think that an eye vesicle under ectoderm 
can induce numerous lenses, if by the growth of neighbouring organs it is 
placed in different positions and, now in this place, then in another, comes 
into contact with the ectoderm. My previous investigation, namely, revealed 
that the eye vesicle during a long time possesses the capacity to induce 
lenses. The lenses, induced in this way, will develop differently, according 
as the eye sooner or later loses contact with the lens anlage. 

If during that process the eye vesicle is turned, it may take the induced 
lens along with it. The latter, if replaced as well, may later give the 
incorrect impression that it has been induced out of other material than 
ectoderm. Thus the results of Poporr (1937) might be explained. He 
thought, namely, that he had found lens formation out of different tissues 
if an abnormally orientated eye vesicle came into contact with them. Only 
his recent researches (grafting of different tissues into the cavity of the 
eye cup) can produce evidence in favour of his opinion. 

Besides, the fact that a lens is found against the tapetum of the eye 
(PoLITZER) may not lead to the conclusion that this layer also can 
induce a lens. 

Finally I will mention that in Triton taeniatus I repeatedly noticed lens 
formation out of the margin of the iris and even directly out of the retina 
of the grafted eye vesicles. Nevertheless, these eyes had also induced 
lenses out of ectoderm. The presence of a regenerated lens consequently 
does not deprive the eye of its capacity to induce lenses. 

The phenomenon that an eye vesicle, grafted at a very young stage 
without a lens rudiment, regenerates a lens out of its retina or iris may 
also account for some cases described in the literature of so-called lens 
induction out of other tissues than ectoderm. The observed lenses might 
have been regenerated lenses. In Axolotl and Rana esculenta I observed 
these regenerated lenses only rarely, but there is no doubt that this type 
of lens formation occurs. In Triton taeniatus the phenomenon may be 
frequently observed. 
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Physics. — Some considerations on the fields of stress connected with 
dislocations in a regular crystal lattice. 1. By J. M. Burcers. 
(Mededeeling N°. 34 uit het Laboratorium voor Aero- en Hydro- 
dynamica der Technische Hoogeschool te Delft.) 


(Communicated at the meeting of January 28, 1939.) 


1. In order to explain the mechanism of plastic deformation of a crystal 
in its most simple form, as it is presented by the shearing process due to 
slipping along planes of a definite crystallographic orientation, several 
authors have assumed that the basic phenomenon leading to slip is the 
migration through the lattice of a well defined type of deviation from the 
ideal structure, a so-called dislocation 1). 

It has been in particular TAYLOR who has investigated the characteristic 
properties of an elementary, two-dimensional type of dislocation, the 
possibilities for its displacement through the lattice, and the influence of 
the fields of stress connected with a system of such dislocations upon this 
displacement 2). An account of some of the results of this work, together 
with suggestions for certain modifications which made it possible to 
construct a connection with views developed by BECKER and by OrROwWAN, 
has been given by W. G. BuRGERS and the present author in the “First 
Report on Viscosity and Plasticity”, pp. 199 and seg. The problem, 
however, presented itself whether the two-dimensional type of dislocation, 
which must extend in a straight line through the lattice from one boundary 
surface of the crystal to the opposite boundary, really leads to an appro- 
priate description of what is to be found in an actual crystal; it would 
appear that dislocations characterized by disturbances of a more general, 
three-dimensional type, which for instance may be confined to a region of 
finite extent, might lead to a more adequate picture 3). It is the object of 
the following pages to make a few contributions towards the development 


1) Compare: ‘First Report on Viscosity and Plasticity’ (Verhand. Kon. Nederl. Akad. 
v. Wetenschappen te Amsterdam, le sectie, XV, No. 3, 1935), p. 198 and the literature 
mentioned there; “Second Report on Viscosity and Plasticity” (ibidem, XVI, No. 4, 
1938), p. 200. 

See also papers by A. KOCHENDORFER, Zeitschr. f. Physik 108, p. 244, 1938 and 
Zeitschr. f. Metallkunde 30, p. 299, 1938. 

2) G.I. TAYLOR, Proc. Roy. Soc. (London) A145, p. 362, 1934. 

3) “Second Report on Viscosity and Plasticity’, p. 201, — KOCHENDORFER in his 
second paper (see footnote 1, above) alludes to the same problem; however, the few 
lines devoted by him to this matter (/.c. p. 300, second column) apparently are not based 
upon a sufficiently developed investigation of the geometric features of dislocations of 


three-dimensional type. 
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of such a picture, by investigating some of the geometrical relationships 
presented by dislocations of three-dimensional nature, and developing 
expressions for the fields of stress connected with them. It must be remarked 
that the treatment is of a preliminary character, and the reader will note 
several points where further work will be necessary. 


2. Introductory geometrical considerations on dislocations of various 


form. — A schematical picture of a lattice with a two-dimensional “‘unit 
dislocation” of the type as considered by TayLor, is given in fig. 1. The 
y. 
ho | 
> 


Fig. 1. Elementary type of a two-dimensional dislocation, having the z-axis 
(perpendicular to the plane of the paper) as its singular line. 


disturbance presented by the lattice in this case can be described by stating 
that above a definite horizontal plane, say the x, z-plane, every row of 
atoms parallel to the x-axis contains one atom more than every row below 
this plane. The dislocation can be obtained by imagining the lattice to be 
cut along the upper half of the y, z-plane (i.e. the half plane x =0, y>0), 
and inserting an extra layer of atoms into this cut. 

It will be evident that the deformations appearing in the lattice in 
consequence of this process (i.e. the deviations from their original cubical 
form, which are shown by the cells of the lattice) decrease indefinitely with 
increasing distances from the z-axis. Instead of the deformations of the cells 
we will consider the displacements of the atoms from their normal positions. 
When the components of the displacement are denoted by u, v, w, it 
will be seen that although these quantities in reality are defined only 
for the (enumerable) set of lattice points where atoms are to be found, 
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they can be considered as being determined by functions of the coordinates 
x, y, z, which in general are everywhere continuous and finite. It is only at 
the points of the z-axis and its immediate neighbourhood, that these 
functions lose their meaning; moreover, in the case of the function giving 
the values of u the following point is to be noted: When in the half plane 
x=0, y <0 we assume u=0, then in the region where y is positive we 
shall find that u approaches to the value + 41, for x > 0, and to the value 
—¥z 49 for x <0; hence the corresponding function will be discontinuous at 
the points of the half plane x —0, y > 0. The explicit introduction of this 
discontinuity into the function, however, leads to unnecessary complications 
in the analytical treatment of the problems before us: it would lead to an 
infinite value of the derivative du/dx at the points of the half plane, which 
is cumbersome as the actual deviation of the lattice cells from their normal 
form is finite here and in fact approaches to zero. It is more convenient 
therefore to consider the function defining u as a function of the coordinates 
which is continuous also at the half plane x 0, y >0, and which con- 
sequently is continuous through the whole of space, with the exception only 
of the z-axis; then there is no complication in the expression of deformations 
by means of the derivatives of this function. It is to be noted, however, that 
the function thus defined ceases to be a single-valued function: when we 
describe a closed circuit around the z-axis, considering uw as a continuous 
function of the coordinates, then on coming back to our starting point we 
shall find that uw will have either increased, or decreased by the amount J. 
The functions giving the values of v and w, on the other hand, although 
they likewise cease to have a meaning at the points of the z-axis, are single- 
valued throughout the whole of 
space. 

The result arrived at can be 
expressed by saying that the 
function u (x,y,z) possesses a 
cyclic constant for every closed 
line embracing the z-axis, which 
constant has the value dp. 

The z-axis consequently is to 
be considered as a singular line 
for the dislocation, which trans- 
forms the space around it into a 

y _ multiply-connected region 4). 


Fig. 2. Extra layer of atoms bounded by an 
arbitrary line o in the y, z-plane. 3. Instead of making a cut of 


half-infinite extent in order to 
insert into it an extra half plane of atoms, we may also imagine that a cut 


4) For a further elucidation of these geometrical relationships the reader is referred 
to: A. E. H. LovE, Treatise on the Mathematical Theory of Elasticity (Cambridge 1920), 
p. 218 seq., and to the paper by VOLTERRA, mentioned in footnote 8) below. 
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is made over a finite area ¥ of the plane x0 (or of a plane x—=constant), 
lying wholly inside the crystal, and insert into it an extra layer of atoms. The 
boundary line o of the cut, or rather of the extra layer of atoms introduced 
into the lattice, will consist of seqments of rows of atoms, alternately parallel 
to the y-axis and to the z-axis (compare fig. 2); in the geometrically 
simplest case it may be a rectangle, but when observed on a scale large 
compared with the atomic distance 4p, it may be of any form. 

In this case again the components v and w can be represented by single- 
valued functions of the coordinates, whereas u can be described by a many- 
valued function, with the cyclic constant 29 for every line embracing the 
boundary line o, which now is the singular line of the field. 


4. It is possible to imagine a dislocation of another character, in which 
the many-valued function again represents the u-component of the displace- 
ment, but in which the singular line is the x-axis. In order to obtain such a 
case a discontinuity is introduced in the junction of the half-planes x —const., 
y <0 with the half-planes x—=const., y>0, by making a shift of one atomic 
distance in passing from the region z<0 into the region z>0. Then, 
as indicated schematically in fig. 3, it will be found in moving along a line 
x == const., z==const., that the component u increases by the amount $1, 
if z > 0, whereas it decreases by the same amount if z< 0. 


\ 
om ae ecm oe 
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Fig. 3. Schematical picture of a dislocation having the x-axis as singular 
line. Continuous lines indicate rows of atoms above the x, y-plane; broken 
lines indicate rows of atoms below this plane. 


It must be remarked that the vertical rows of atoms in general will not 
remain perfectly straight and parallel to the z-axis. From reasons of sym-~ 


297 


metry with respect to the x-axis we might expect that we should observe an 
increase of u by something like 12) when we move in the direction of + z 
along a row for which y <0; then in moving along a horizontal row in the 
direction of + y there should be observed a further increase of u by 44 ; 
next going downwards along a vertical row for which y > 0 into the region 
z <0 there should again be an increase by a similar amount, etc. The exact 
calculation shows that u increases proportionally to the angle described 
around the x-axis, as will be seen from eq. (27) below. 


5. In this way we see that it is possible for singular lines to run parallel 
to any one of the three coordinate axes. The case last considered may be 
combined with the other cases; an example is indicated schematically in 
fig. 4. Here on the right hand side of the plane x —0 we have the same 


ho y 


Fig. 4. Schematical picture of a dislocation with a singular line consisting 
of the positive x-axis together with the positive z-axis (directed upwards 
perpendicularly to the plane of the paper). 


type of dislocation as sketched in fig. 3, with the positive x-axis as the 
singular line; an extra layer of atoms, however, has been introduced along 
the quarter plane x —0, y > 0, z > 0, in consequence of which there are no 
discontinuities in the region x <0, only deformations which will gradually 
decrease as we go further away in the direction of —x. The positive half 
of the z-axis now has become a singular line, being in fact the continuation 
of the segment which was formed by the positive x-axis. 

Another case is indicated schematically in fig. 5a, which is obtained in 
the following way: In the x, y-plane a rectangle is imagined with sides 
2a, 2b respectively. This rectangle will intersect a number of layers of atoms 
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which in the undisturbed state of the lattice were parallel to the plane 
x= 0, These layers are assumed to be cut along the lines of intersection 
(all cuts lying in the plane z==0, and extending from y=——b to 
y= +5); in joining them together again a shift of amount /) has been 


, 


introduced in the way as indicated in fig. 56 (representing a section 


according to the x, z-plane). The half plane x =—a, z<0 then will 
possess a free upper border o, along the segment extending from y =—b 
ho 4 
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Fig. 5. Schematical picture of a dislocation with a singular line in the form 
of a rectangle in the x, y-plane. Fig. 5a: view in the direction of the negative 
z-axis; fig. 5b: section by the plane Oxz. 


to y= + 5; the half plane x = + a, z > 0 has a free lower border og along 
a segment of similar extent. 

The singular line in this case is formed by the four sides of the rectangle, 
the segments o, and oy being two of these sides. 

It must be stated, of course, that in actual cases the discontinuities 
possibly may not have the rather simple form assumed in the diagrams 
given here: there may be regions of irregular atomic arrangement, affecting 
several rows of atoms in the neighbourhood of what we have called the 
singular line. However, what is most important in every case is the mode 
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of connection between the planes or rows of atoms at larger distances 
from the disturbed region, and for the sake of simplicity in the mathematical 
formulation it is convenient to keep to the picture of singular lines as deter- 
mining the geometry of the field. 

We now may generalise to cases where the singular line consists of an 
arbitrary sequence of segments, each of which is parallel to one of the 
coordinate axes. Again viewing from a scale which is large compared with 
atomic distances, we may consider such a singular line as being of arbitrary 
form in space. 

One important property of these singular lines, however, must be noticed 
at once: they can never end at an interior point of the lattice, and must be 
either closed in themselves, or extend from a point of the exterior surface 
to another point of this surface or to infinity, or from infinity to infinity. 


6. The field of stress accompanying a dislocation. —It has been observed 
by TAYLOR 5) that although it is not possible to calculate in a rigorous way 
the forces experienced by the atoms in the immediate neighbourhood of the 
singular line, at greater distances the mean stresses per unit area can be 
found with the aid of the equations of the theory of elasticity. In order to 
arrive at exact results it is necessary to make use of the equations valid for 
crystalline substances, Even in the case of substances of the regular class 
these equations are more complicated than those valid for isotropic bodies, 
the number of constants occurring in them being three, instead of two, 
while a still greater number occurs in the equations for crystalline sub- 
stances of other classes 6). The application of these equations consequently 
will lead to elaborate expressions, which are not easily handled. It will be 
useful, therefore, first to develop a provisional treatment, based upon the 
ordinary theory of elasticity for isotropic bodies, for which the mathematical 
technique has been built out much further. The results obtained in this way 
can give an insight into the principal features of the subject 7), while the 
application of the exact equations for regular crystals will be considered 
afterwards in Part II. 

The concept of dislocations (originally called ‘‘distortions’; the name 
dislocations is due to LovE) was introduced into the theory of elasticity 
by VOLTERRA in order to describe the deformation that can be found in a 
body occupying a multiply-connected region, when the displacements of 
the points are given by many-valued functions of the coordinates, there 
being no exterior forces (neither volume-forces, nor surface-forces) acting 
on the body 8). In our case this multiply-connected region is the space 


Sen Ga tl EAYLOR1.cep. 3/5, 

6) See A. E. H. Love, lc. Chapter VI, and works on physical crystallography. 

tye See Gil TAYLOR, Ue. p, 3/7. 

8) V. VOLTERRA, Sur l'équilibre des corps élastiques multiplement connexes, Ann. 
Ecole Norm. Supér. (3) 24, p. 400, 1907; A. E. H. Love, lc. p. 218. — A report on 
various types of structural stresses in elastic systems has been given by P. NEMENYI 
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which is obtained when thin cores are cut away from the body along the 
singular lines considered before. 

In the following discussion we assume the crystal to be of infinite extent 
in all directions, and — unless especially stated — we restrict to singular 
lines of finite extent, and consequently closed in themselves. 

The boundary conditions for the field of stress in this case require that 
all stress components shall vanish at infinity, in such a way that no resultant 
force nor resultant moment is transmitted through any plane which recedes 
to infinity. In virtue of the equations of elastic equilibrium these conditions 
at the same time ensure that there will be no resultant force or moment 
acting upon the matter in the immediate neighbourhood of the system of 
singular lines considered as a whole. It will be natural, however, to intro- 
duce the more stringent condition that the resultant force and moment must 
vanish for any one of the singular lines separately. And generally we must 
go still further: when the disturbed region along the singular line is of the 
nature of a relatively thin core, it is inconceivable that forces of considerable 
magnitude can be transmitted along it from one part to another. Hence, 
when we consider a small element of this core, bounded e.g. by a cylindrical 
surface having an element of the singular line as axis, the stresses acting 
on the cylindrical surface must balance each other already very nearly, so 
that there will remain only residues of an order of magnitude vanishing at 
the same time as the radius of the cylinder. 


7. General mathematical expressions for the components of the displace~- 
ment in an elastic boay, connected with a given dislocation. — The general 
expressions for the displacement components have been deduced by 
VOLTERRA. However, before giving VOLTERRA’s equations we will follow 
a more synthetic way, which will make clear the meaning of the various 
terms of these equations. 

We start from a set of formulae giving the components of the displace- 
ment due to a force operating at a point in an indefinitely extended body 9). 
The displacement may be considered as being the sum of two parts, one 
part having the same direction as the force and being equal in magnitude 
to the force divided by 4 wr, while the second part can be written as the 
gradient of a certain function yw: 10) 


fo ee ee 


4a wr OX 


(Selbstspannungen elastischer Gebilde, Zeitschr. f, angew. Math. u. Mech. 11, pp. 59—70, 
1931). 

®) A. E. H. LOVE, Le. p. 183, eqs. (11). As stated by LOVE at p. 181, these equations 
originally are due to W. THOMSON. 

10) For convenience we write x1, xe, x3 for the coordinates; ui, uz, ug for the 
components of the displacement, etc. The force is acting at the point £1, £, &3 and 


r? = (x, — ¢,)? + (x, — 6)? (x, — Ea). 


The quantity « is one of the two elastic constants (u, 4) characteristic of an isotropic 
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the F, representing the components of the force. For the present it is not 
necessary to give the “complementary function” » explicitly; it must be 
introduced in order to ensure that the equations of the theory of elasticity 
shall be fulfilled, but, as we shall see later, this can be done afterwards, 
so that we are entitled to leave it aside until further consideration. It may 
be remarked that whereas the first part (the “principal” part) of u, satisfies 
the equation 


ap 
A (Graz )=9 ee 8 Ee on 
the “complementary function” w is subjected to the equation: 
CNG ee Me ey eas 3) 


Now it will have been seen from sections 2—5 that the condition 
expressing the multi-valuedness of the displacement component u in the 
cases considered is of the same kind as that of the potential g associated 
with the velocity field determined by a vortex line, coinciding with the 
singular line o. In the hydrodynamical case the cyclic constant of the 
potential function for every closed line embracing the vortex line is equal 
to the strength of the vortex line, which thus in our case should be 
numerically equal to 2). — In a more general case, where all three com- 
ponents u,,U,u3 may be multi-valued, we shall introduce three cyclic 
constants fy, fo, fs. 

We may, therefore, begin by tentatively writing down the following 
formula for the “principal” part of the components u;,: 


where @ is the hydrodynamic potential for a vortex line of unit strength, 
coinciding with the singular line o characteristic of the dislocation. The 
value of @ is equal to the solid angle which a surface S bounded by the 
line o subtends at the point of the field considered, divided by 47; it can 
also be represented by the integral 11): 


Geena 
=a | {tale} eee 


y being the normal to the element d, drawn in the direction determined 
by that side of the surface ¥ which is considered as the positive side. 


8. Formula (5) induces us to interprete the components uj considered 
in (4) as being due to a system of imaginary doublets, distributed over the 
surface , the axis of the doublets everywhere being normal to d2’, whereas 
the strength (the ‘‘moment’’) of the doublets has the components w /,. 


medium, as used by LOVE and other writers; is equal to the shear modulus G, while the 
ordinary modulus of elasticity (YOUNG's modulus) is given by E=pu(3A+2u)/A+ pz), 
the compression modulus being H = 4 -+ 2/3. POISSON’s ratio 1/m of the lateral contraction 
to the longitudinal extension in an ordinary extension experiment is determined by: 
m—2(A + “)/m. 

11) See H. LAMB, Hydrodynamics (Cambridge, 1932), p. DAD. 
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As every doublet consists of two forces of equal and opposite magnitude, 
the resultant force due to the system is zero. There will be, however, a 
resultant moment, and it is not difficult to prove that the components of 
this moment are given by the expressions: 


u(A2 f; — Az fh) 
Ag fy = Ay G)oveen oe ce nO 
aan 


where A,, Av, As resp. represent the area’s of the projections of upon 
the three coordinate planes, taken with such signs that A, >0O when the 
normal y to S is in the direction of the positive x,-axis. Our force system 
consequently does not represent an equilibrium system. 

In order to balance this moment, we introduce a system of imaginary 
forces wg, acting at the points of the boundary line, where: 


fede ee 
Ses re ale ea 


= ade, dé, 
OF aegis an! Unie . : . : ‘ . . (7) 


dé, dé, 

=f ere fo ia) 
It is easily proved that this system yields a resultant force equal to zero, 
while it has a resultant moment which is the exact opposite of that given 
by eqs. (6). Consequently as a second contribution to the “principal” part 

of the components u;, we take the expressions: 


Re Ce ee 
eee ‘ 5 . 5 . . + (8) 


The whole system then will be balanced. 
It is of importance to observe that formula (8) also can be written in 
the form of an integral over the surface >, as follows 12): 


way, | [az hone = ie f ala  . (9) 


9. We now turn to the determination of the “complementary function” 
to be denoted by WY. We put: 


’ 


i ee les 
uy, =u, + uf es ae te es ee (LO) 


12) In this equation and in the following ones it is assumed that when in a product 


or in a differential quotient an index, like J, occurs twice, summation is to be performed 
with respect to 1 — 1, 2,3. — The quantities (» k) are the cosines of the angles between 


the normal » to d=’ and the coordinate axes, and fF, = (vl) .F, (component of f, normal 
to da). 
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The dilatation @ then is given by: 


Ou, Ou; abe 
Xk 


The components u, must satisfy the equations of the theory of elasticity: 


= 


; Ox i OX 


eee cae Ma Pee) 


pAu+R+u So =0, hy Coumnte 9, toe eee) 


As both Auy = 0 and Au —0, this equation will be satisfied, provided: 


WP ss (Ae) C=O" ea (13) 
from which it follows that Y must satisfy the equation: 
A+u (Ou Ouj* 
——— 
A oe. te 
Now from (4), combined with (5), and from (9) it is found that: 
Ou; Ou, 0 oe 
Ox,  OX-- are d= 5. — a) 
The solution of (14) therefore can be given in the form: 
eRe pews 
ae eo ml io ee ey 


where ¥” is a function which satisfies the equation A YW’ —0. This function 
must be determined in such a way that the function Y shall not present a 
discontinuity at the surface . It is found that this is obtained by taking: 


(aan A+ pb a 
cee el ds ae eis 


so that after a slight reduction there results: 


= A+ pu fil vee (Ce tS) pe 18 
tag [fee [A +E). 1s) 


It is interesting to remark that Y also can be represented by a line 


integral taken along o. We introduce a vector w h, with the components: 


asset fh X62 
r air 
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Then it is found that: 


A+ um ; Ey dé, dé; 
i —— -+th,—-+h ey ee) 
on | ol Beam, 1 EP 20) 
The fact that this transformation is possible proves that WY is independent 
of the particular form given to the surface ¥ (provided it is bounded by 
the line a), and that consequently Y and its derivatives will be continuous 


at the points of &. 
Our final expression for u, thus becomes: 


Le ov 
m=hota, | do 7 


re mOx 
with @ given by (5) and W given either by (18) or by (20). The first 
integral introduces the desired multi-valued character, while all three terms 
are independent of the particular form given to the surface Y and exclusively 
depend upon the form of the boundary line o. 


(21) 


10. The formulae deduced by VOLTERRA with the aid of a very elegant 
method, refer to a somewhat more general case than the one considered 
here 13), When we restrict to the type of multi-valuedness considered 
above, these formulae can be given in the form: 


m= [fad Xuli. eee el eH 


where the X,, (11, 2,3) represent the components of the stress acting 
on the element dX at &,, 5, &3, when a unit force in the direction of the 
x,-axis is applied at the point x1, xo, x3. When the calculations are worked 
out, it is found that 14): 


On ey La! 0 Vy, 
Xu=s ae) mana) Dae (=) ] 


pes Vie 2 (vl) 0 (3 \\ 
m (A+ 2) | 0x4 0x1 0” Onn Ey 


With these values of X,, the expressions (22) are identical with (21). 


11. Application of equations (21) to some simple examples. — We turn 
back for a moment to the cases indicated schematically in fig. 1 and 3, 
although they refer to fields where the singular line is of infinite extent, 
and will attempt to apply eqs. (21) to them. In these cases fp = fs =O, 
wile fy 

A. In the case of fig. 1 the singular line is the z-axis. In order to find 
the value of by means of eq. (5) we may take an arbitrary half plane for 
the surface S, provided it has the z-axis as its boundary, as different 


positions of this plane lead to results differing only by an additive constant. 


42) V7. VOLTERRA Le, ps 425, eqs (1), (11). 
14) Here 6,,=1 or 0, accordingly as k=1 or k £1, 
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It is necessary, however, to specify the positive direction of the normal y, 
as this determines the side from which the solid angle must be viewed, and 
at the same time determines the direction in which the boundary line must 
be described in the integrals (8) and (20). 

When for S we take the half plane x 0, y >0, and as the positive 
direction of the normal that of the positive x-axis, then the boundary line 
must be followed in the direction of —z; consequently along this line we 


shall have: 


Gey de=-0;a) aldo 0, )) ede ido—aejdo=—— 1 
We now obtain: 
ae! y 
(a) Y= 5, arctg = Sa COMSia mS os. Aa. op (248) 
(b) gi —9, 92= + %o, g3— 0. 


The integral u** — + | do 22 is divergent; the relevant part (i.e. the 
2 = - 


part dependent upon x and y), however, can be written: 
SIR ciig Me oo rea 24b 
in =— | dom Inf~x?+y?+ const. . . (246) 
4x r 2m 


(c) h, =0, hy = — Ay 
Equation (20) becomes: 


—A+ ur (, 9 
Uys — _ st 
Nera dg 


which, in the same sense as above, gives the result: 


A A = 
ve EO y In PE gy + const. So eee Cae) 


Hence we obtain 15): 


hy de | A+ Mr xy \ 
Bt 9 OT Bet 2p) ety? | 


2% 
AA Hie 2) Ag y? 
2x(A+ 2) e+e 


tt Ag (25) 


ae? 


ln 
Ui 0 / 

B. In the case of fig. 3 the singular line is the x-axis. Along this axis 

we have d&,/do = 0, dé3/do 0; hence the quantities g, vanish; likewise 

15) Tt may be remarked that these expressions differ from those given by VOLTERRA, 


Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLII, 1939. a 
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the integral (20) vanishes. There remains only the function y, which now 


is equal to: 


J Z 
7 = — —— =. i es eee O 
g _, aretg - + cons (26) 
Hence 16): 
ho 

uy gas SES) 
(27) 

uz \ 

u3z — / 
12, Expressions for the stresses. —- Now that the expressions for the 


displacement components u, have been found, the components o,; of the 
elastic stresses can be calculated by means of the equations: 


me (ou aoe er pe ee) 


The quantities occurring in these equations can be obtained by means of 
line-integrals along o: the terms depending upon the quantities g, by means 
of eq. (8); the quantities depending upon Y by means of (20); from (11) 
and (14) it follows that: 


G6=—- 
A+ bu 


US Aare ee ey VOX) 


which leads to the equation: 


hy ai h, dé, _ hy dé; 
o=+eeamm | (a a p 2 2 4 3 . . (30) 


r? tr? do me (alo 


finally, the derivatives of the potential ~, which in the corresponding 
hydrodynamic problem represent the components of the velocity, can be 


by way of example, I.c. p. 428. When we take 1 = 20, m=n=p—q—r—. in those 
formulae we obtain: 


_ 4o 
22 
Sage Vx? + y? 
2a y 


Use), 
However, the expressions (25) given in the text above are in substantial agreement with 
the result given by VOLTERRA Lc. p. 465, eqs. (I), when in the latter we take Ri = 0, 
Re= », and interchange x and y. — The formulae for the stresses given by TAYLOR, 
Proc. Roy. Soc. London A145, p. 376, 1934, correspond to the expressions given by 
VOLTERRA at p, 428. 


8) This result is in accordance with the formulae given by VOLTERRA at p. 428, if 
we take n=—/do, l=>m=p=q=r—0. 
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calculated by means of the so-called “formula of Blot and SAVART” Lt) 


This is especially convenient when the singular line o consists of straight 
segments, 


It can be shown that when the line o is closed in itself and embraces a 


finite area, the stresses o,, with increasing distances r become of the order 
of magnitude at most of r—3, 


13, It may be useful to come back to the question of the balancing of the force system 
alluded to at.the end of section 6 and also in section 8, For this purpose we should consider 
the resultant force acting upon a cylindrical surface described with the (small) radius a 
around an element do of the singular line ag axis. However, instead of treating the general 
problem, we will consider the case of an infinitely extended straight singular line, tangent 
to the given line at the element do, and having the same cyclic constants as the latter, 
assuming that when the radius of curvature of the given singular line is great compared 
with the length of the cylindrical surface to be considered, the stresses for the two cases 
will differ at most by quantities of a finite order of magnitude, so that the difference 
between the resultant forces will vanish simultaneously with the radius a. 

We first consider the stresses connected with the quantities uj and that part Y* of 
the complementary function ’ which can be directly associated with them, In virtue of 


the relation duj / 0x, = duf*/ 0x, — see eq. (15) — we have: 
eae eer gree I, ae cr tes oc hans. P31") 


Taking the singular line along the z-axis (the direction being that of —z), we again find: 
l y 

eel ClO a ek wane yee), es OS 

Poe ss (32) 
while, if f1, fo, fs all are different from zero, we shall have: 
= Caan ye y x 

SS SS do —— [5 — | = 
2 82 (A+ 2u) fi r bs r 


Manto 


en a ae 
= ie ay coun eeu 
From this expression for ¥/* we obtain: 
Bae ay eee pa De a2 34 
Tas OS aa — Qn(A+2u) x?+y? ey 
Writing: 
r=lx?+y?; WS eyrelepiee 5 4 os Aes) 


it is found that the components o,, of the stresses acting upon an element of the cylindrical 
surface can be calculated from the equation: 


O-1 = 041 COS a + 07, sin a = ] 


Oe 


: Op : (36) 
= u(f,cosa-+ f, sina) ee +2u ne +26 cos (rl) \ 


17) See H. LAMB, Hydrodynamics (Cambridge 1932), p. 211, eqs. (2) and (3). 
gale 
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which gives: 


Or3 = — ee (f, cos a sina + f, sin? a) , HOt A 6 
Da aoa a (f, cos a sin a — f, cos? a), 
oe sas (f, cos? a + f cos a sin a) -F ae fi on) 
ae, one (f, sin? a — f, cosa sin a), 
Og — 


The resultant force acting from the elastic medium upon the cylindrical element conse- 
quently has the components (per unit length): 


in the x-direction: — 4 fo 
in the y-direction: + w f, (38) 


in the z-direction: (@) \ 


14. We must next consider the stresses connected with the quantities uj* and the 
second part Y** of the complementary function, We have: 


Hn =— hh / 
Wye oh ay ease oe 1h) 
93—= 0 \ 
while, from (8): 
ee Ohana ae 9k 40 
wa 7 oe ee 
As ¥** — ¥*, 6**— 6*, the calculation is not difficult; instead of (36) we obtain: 
__ eg _ e(gicosa+gosina) 9 iy eee 16 41 
Ce — 2ar 2% Ox; tee ake2 je Or 0x pan he 


and the components of the resultant force become: 


in the x-direction: + uf ) 
in the y-direction: —pf, SA or eee er (42) 

in the z-direction: (@) \ 
These quantities are equal and opposite to those given in (38); hence there is no 
resultant force acting upon our cylindrical element, as had been required in section 6. 
It may be remarked that the stress component ozz in general will not be zero, so that 


there may be tensions and pressures in the direction of the singular line, connected with the 
dilatation @. The mean value of oz: over a cross section of the element, however, vanishes. 


15. Further geometrical considerations. Migration of a dislocation 
through the atomic lattice. — The passage of a two-dimensional unit 
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dislocation across a crystal has been described by TAYLOR as the basic 
phenomenon in the explanation of the process of slipping 18). A schematical 
picture of a case in which the singular line o is parallel to the y-axis has 
been given in fig. 6; it will be seen that in the situation of fig. 6a the 
atom | can jump over to another equilibrium position; next the atom 2 can 


Fig. 6. Schematical picture of the migration of an elementary dislocation 
through the lattice. 


make a similar jump, then 3, 4, ..., and in consequence of these jumps the 
singular line o moves to the right. In a crystal of finite dimensions this 
process will be accompanied by a shift in the relative position of the upper 
and the lower parts of the crystal; this shift is of such a magnitude that 
it becomes equal to the amount A) when the dislocation has moved across 
the whole crystal from the left hand boundary to the right hand boundary. 


18) G, I. TAYLOR, Lc. p. 368, — See also “First Report on Viscosity and Plasticity”, 
p. 199, 
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When the dislocation has migrated only over a distance L, in a crystal the 
dimension of which in the same direction is a, then the relative shift of 
the two parts will be given by /9L/a. 

When the dislocations are characterized by closed singular lines of finite 
extent, embedded in a lattice of indefinite, or at any rate of very large 
extent, it is to be noted that at large distances from the dislocation the 
lattice must be wholly regular. When we imagine a closed surface surround- 
ing the characteristic lines of all dislocations, outside of this surface the u, 
will be single-valued functions, which with increasing distances either will 
become zero or will approach to constant values. It will be evident that in 
a region with regular structure no dislocation can be generated “out of 
nothing’’: dislocations either must have been originated during the process 
of growth of the crystal, or they must have been derived from other already 
existing regions of irregular structure. When a dislocation of the type 
considered by us takes its birth from some unspecified region of irregular 
structure, then — the same as in any other case — the condition of never 
having an open end in the interior of the lattice always will remain valid: 
the singular line characteristic of the dislocation either must be closed in 
itself, or else its ends must be situated at the boundary of the irregular 
region (or eventually perhaps in the interior of this region). It would appear 
probable that a given dislocation can be displaced through the lattice over 
an arbitrary distance, possibly in various directions. The character of being 
a closed line will not be lost during such a displacement, although the 
singular line perhaps may change of form; further the strength of the 
dislocation, or more exactly the values of the cyclic constants /}, fo, fs 
associated with the singular line, will not change. When a singular line in 
its migration through the lattice should meet another singular line, then it 
is to be expected that the simple type of migration, determined by jumps 
of the atoms of the kind as described above, cannot be continued. Hence 
we may assume that two singular lines in their process of migration in 
general cannot cross each other, or at least will have a certain difficulty in 
crossing each other. (It may be that the approach of the two dislocations 
leads to the formation of a region of irregular structure of larger extent, 
from which, under suitable circumstances, a new dislocation may take its 
birth; a more detailed investigation of such a process will be useful, but 
probably may be difficult). At any rate we may suppose that the easy 
migration of a dislocation is impeded when it meets other dislocations; this 
is one of the features which serve as a basis for the explanation of the fact 
that the plastic deformation of a crystal gradually becomes more difficult 
(i.e. requires the application of greater forces) with increasing values of 
the shear. 

It will be evident that in the points mentioned there is an analogy with 
the properties of vortices in an ideal liquid. We might even go further and 
ask whether e.g. processes in which there is a change in the area enclosed 
by the singular line (or more exactly in the area's A, Ag, Ag of its three 


oil 


projections upon the coordinate planes; compare section 8) will require the 
application of exterior forces to the lattice. We shall come back to this 
point in section 19. 

However, although a certain analogy with vortex lines exists, we must 
not forget that the migration of a dislocation, as pictured schematically in 
fig. 6, is intimately connected with the geometry of the atomic lattice. 
Consequently there may be restrictions on the possibilities for the displace- 
ment of the singular line, which have no analogy in the hydrodynamic case. 


16. There are a few examples of migrations which can be discussed in 
a simple way. 
Consider the case pictured in fig. 7. In the first place this may be 


ieee a 
ee 


esesates 


Fig. 7. Schematical picture of the migration of a dislocation, bounded by 
two parallel singular lines, when these lines move simultaneously with 
equal steps, 
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considered as representing a section of a lattice in which a dislocation has 
been introduced by inserting into it an extra layer of atoms along a surface 
, perpendicular to the x-axis and bounded by two parallel singular lines 
0, and oy perpendicular to the plane of the paper (i.e. parallel to the y-axis), 
both of infinite extent. As indicated schematically, it is possible in such a 
case that the two singular lines migrate simultaneously over the same 
distance, e.g. to the left. It will be seen that, although there is a relative 
shift of the central portion of the lattice (i.e. the portion situated between 
the planes described by the singular lines in their movement) with respect 
to the rest, there is no resulting shift of the uppermost portion with respect 
to the undermost. 

Fig. 7 may be considered also as representing a section of a three- 
dimensional field, in which the surface & is of finite extent and is bounded 
by a closed line o ( in this case still being plane and perpendicular to the 
x-axis). There seems to be no objection to the assumption that in such a 
case a similar migration is possible, jumps of atoms now taking place with 
equal frequency at all points of o; the singular line then migrates without 
change of form through the lattice in the direction perpendicular to its plane. 

Turning back to the original conception in which we had two parallel 
singular lines o; and o» of infinite extent, it will be evident that the 
parallel and equal migration of o; and o» is not a necessary feature: these 
lines may just as well move independently of each other, e.g. in the way 
as indicated in fig. 8. The dislocation then of course obtains a different 
character in so far as the surface S' of fig. 7 does no longer exist. 

“Is it possible to imagine something to be compared with the latter case 
taking place when the surface is bounded by a closed line o? 

Referring to fig. 9, where the line o originally had the form of a rectangle 
ABDE (the plane of the rectangle being perpendicular to the x-axis), 
we may imagine that jumps of atoms take place only along the parts CD, 
DE and EF of o, producing a displacement of CDEF parallel to itself 
towards a new position C’D’E’F’, whereas the part FABC remains where 
it was, An irregularity in the arrangement of the atoms then will be pro- 
duced along the whole course of the lines CC’ and FF’, and these lines in 
fact will become parts of the singular line characteristic of the dislocation 
in its new form, joining up the parts FABC and C’D’E’F’. The nature of 
the singularity in the immediate neighbourhood of the segments CC’ and 
FF’ is of the character indicated in fig. 3 (and also in fig. 5 for the parts 
of the singular line which are parallel to the x-axis), while in the neigh- 
bourhood of the point F it can be compared to the case indicated in fig. 4. 


17, The picture arrived at in the preceding section can be of help in 
discussing a point which had been raised in some sections devoted to the 
phenomena of plastic deformation in crystalline substances of the “Second 
Report on Viscosity and Plasticity”. In connection with views brought 
forward by TAYLOR it had been assumed in the “First Report” that when 


S18 


in the course of a shearing process applied to a crystal, a certain number 
of dislocations have started from already existing flaws, and have moved 


anit 


Fig. 8. Schematical picture of the change of character of a dislocation 
bounded by two parallel singular lines, when these lines move in opposite 
directions. 


through the lattice until they are stopped by encountering other regions of 
irregular structure, there is produced a field of stresses, formed by the 
resultant effect of the fields connected with these dislocations, which field 
counteracts the stress due to the exterior forces causing the shearing 
process 19), In making an estimate of the magnitude of the average shearing 
stress derived from the fields of the dislocations, TAYLOR’s picture and 
calculations were used, referring to the two-dimensional type of dislo- 


19) “First Report on Viscosity and Plasticity’, p. 209. 
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cations, all singular lines being parallel to each other and extending right 
across the crystal. The average shearing stress then is found to be inversely 
proportional to the mean distance between the singular lines; consequently 
it is directly proportional to the square root of the number of singular lines 
per unit area. 

The picture of a system of parallel dislocation lines, all extending in the 
lateral direction right across the crystal, however, has a degree of regularity 
which appears greater than may be expected in a crystal with flaws, and 
it is therefore that in the “Second Report a ‘‘three-dimensional’ picture 
with dislocations of finite lateral extent had been suggested 2°). 

We may now attempt to consider the process indicated schematically in 
fig. 9 as a possible case of the migration of such a three-dimensional dislo- 
cation. The case of fig. 7, which as stated, likewise can be taken as 
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Fig. 9. Schematical picture of the transformation of a dislocation, originally 
characterized by a rectangular singular line situated in a plane parallel to 
the y, z-plane. 


representing a dislocation of finite extent, is of no use, as in this case no 
resultant average shear will appear in the crystal. In the case of fig. 9 on 
the other hand, there is a contribution to the average shear, depending in 
magnitude upon the area of the rectangle FF’C’CF. The lateral extension 
of the dislocation, determined by the length AB (= FC = ED), like the 
dimension AE or BD, will depend upon the dimensions of the disturbed 
region from which this dislocation originated, and thus will correspond to 
the quantity / in the equations of the “Second Report’; whereas the distance 
CC’ or FF’ represents the length L of the path described by the dis- 


location 21), 


0) “Second Report on Viscosity and Plasticity’, pp. 200 seq. 
°*1) Compare ‘Second Report”, p. 202, eq. (5. 1b), where 2 corresponds to Ao in the 
present communication, 
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In calculating the field of stress associated with the type of singular line 
pictured in fig. 9 we may — in a similar way as can be done in all problems 
relating to vortex lines — separately consider the three circuits AFCBA., 
P'E'D'C’F" and FF’C’CF, When we ask for the magnitude of the stresses 
in points situated at distances, say r; from AFCBA and ry from F’E’D’C’F’, 
which are large in comparison with the sides AB and AF or F’F’ etc., then 
according to what has been remarked at the end of section 12, the contri- 
butions of these circuits into the stresses will be of the orders (r,)—% and 
- (t2)—% respectively. The contribution of the circuit FF’C’CF, however, will 
be of a different order when the length CC’ —L itself is great compared 
Svat eet re, 


18. Calculation of the field of stress connected with a singular line of 
a form as given in fig. 9. — With reference to fig. 10 the calculation for 
the circuit FF’C’CF can be given as follows: Let ~, as before, represent the 


CCt=FFt=1, F! x 
FC =F1¢c1=1 


Fig. 10. The rectangular circuit PF’C’CF of fig. 9 considered separately. 


solid angle, divided by 4, which the rectangle FF’C’CF subtends at the 
point P. The positive direction of the normal to the rectangle is the direction 
Oz; the same as with the dislocation in its original form, characterized by 
AEDBA, there is a discontinuity in the component u, only, so that 
j-—/ 0, wiles) —— Ap Lience, according-to: (4): 
= Me th ee hae (43) 
Along litand CC’ we have g; gs — 93 -==-0 by (7), so that these 
segments do not give a contribution to u**, From (19) and (20) it follows 
that they neither give a contribution to the value of ¥. 
Along F’C’ and CF (the positive direction of integration along the 
circuit being FF’C’CF) we have gi = g2 = 0; along FC’ we have: 


dé,jdo = +1; gg ti’; hg =—Aoz/tg, and along FC: dé,/do—=—1; 
93 =—Ao; hg = —Az/t1. Hence we obtain: 
fromu(6)2.9@) ==) —==-0; "15 een | . . (GeG 


‘Renu Se ae ee 5) 


US) 1) 
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It has been assumed in these expressions that r is large compared with 1. 

The stress t which had been considered in the “‘First’’ and “Second 
Reports” corresponds to the component o;3 in the notation used here, which 
is given by: 


fou, a= =) , OV Ouz" 0? _ 
ieee i F ox ny: a Ox re 0202 Je a ce) 
In this expression 0?Y/Ox0z is to be calculated from (45); Op/Oz is 


obtained by calculating the velocity field associated with the rectangular 
vortex line. With sufficient approximation we have: 


u( Came He Ps Yite ee 


Do Oa Se 


axe 


= 5, aes PIE (cos BP; + cos Pz). (47) 
the angles f, and f. being defined in fig. 10. 

Even without calculating the value of 0?¥/0x0dz (which for r)) 1 
becomes of the order r—%, as mentioned before), it will be seen from the 
expression (47) that so long as |x| does not greatly surpass L/2, so that 
cos B, + cos By is either >1, or not much below 1, this result leads to 
values of o;3 of an order of magnitude decreasing inversely proportional 
to the square of the distance from the x-axis, i.e. it leads to values which 
for constant y/z practically are inversely proportional to (y? + z2). The 
dimensions of the region in which this result holds of course depend upon 
the magnitude of L. 


19, It is of interest also to consider the stresses o;, and oj, in the 
points of the plane determined by the rectangle F’E’D’C’. We must then 
work out the calculations for the singular line FF’E’D’C’C; when L is 
sufficiently great, we may neglect the contributions due to the part CBAF. 
It will be superfluous to give the calculations in detail; and we mention 
only the following points: 

It is found again that w+ — 0, whereas: 


on fEJO). 


+R ho di 
soa fé 


EI! 


Further: 


Fe D’ 


a. ae fa) ie ye . & 
LS 4n( on fons lh dea | dy aa . (49) 
E! 


In the equations for the stress components o,9 and o,3 the derivatives 


en ly 


0?/dxdy and 0?¥/dxdz occur; as OW /Ox —0 for points in the plane of the 
rectangle F’E’D’C’, the contributions to be derived from Y vanish here. 
The values of Oq/Oy and Op/Oz again can be obtained by means of the 


formulae for the velocity field associated with a vortex line. It is found that 
the sum 


, OP ous 
49 eos =r , 
Oy Ox 
occurring in the expression for oj», is determined exclusively by the contri- 


butions to the value of 0q/Oy derived from the lines FF’ and C’C; whereas 
the sum 


occurring in the expression for 013, in the same way is determined by the 
contributions to the value of O@/dz derived from these lines. 

The values of the stress components 6; and 61, in the points of the plane 
determined by F’E’D’C’ finally become: 


__ Bag l Foy Z 
O12 4x P+ 2+ Pay P| 


50) 
fe agl y?— 2? — [7/4 


4a (y?+ 2+ P/4y aa 


Let us give attention to the value of o,, at the points of the seqment 
F’D’. It is not difficult to calculate the mean value of 6,» at the points of 
this segment; this mean value is found to be: 

dg 


[7 + h? 
(Gis) et ea ie 


4al h2- et) 


and thus appears to be negative. 

In order to understand the meaning of the sign of 6,2, we remark that in 
the cases indicated in figs. 6 and 8 the application of a positive exterior 
shearing stress to the system, acting to the right at the upper surface of 
the crystal, and to the left at the lower surface, will promote the occurrence 
of the type of migration pictured in these diagrams. The case of fig. 9 has 
been derived from that of fig. 8 without change of signs, so that the same 
result will apply to it. Hence we may conclude that the appearance of a 
negative value of (o,3)m along E’D’ will act in the opposite way, and 
consequently will drive back the migration process, or at any rate impede 
its further progress in the original direction, 

Here thus we have an instance of the “counteracting” effect of the field 
of stress connected with the dislocation itself. It will be evident that this 
“counteracting” effect can be overcome by the application to the crystal of 
an exterior shearing stress 1 of sufficient positive magnitude. 
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We now are in a position to construct an expression for the work that 
apparently must be performed in order to displace the part F’ ED’ GC" of the 
singular line in the positive x-direction, or in other words to increase the 
length L of the lines FF’ and CC’. From eq. (5. 1), p. 202 of the ‘Second 
Report’’, we see that the increase of the mean shear of a rectangular crystal] 
with sides a, b, c due to an increase of L is given by: 


dyidiz= 1, Ya ben hye ee 


The work done in this process by the exterior shearing force 7 is determined 
by the product: 


t . (dy,/dL) . (volume); 


hence, with t = —(06,3),, we obtain: 


ie iz + h? 
work per unit increase of L = ; “ In = jie eae ee (53) 


It must be remarked that these considerations are given only in order to 
illustrate some of the concepts which have arisen in considering the 
phenomena accompanying the migration of a dislocation through the lattice; 
no great value can be attached to the exact form of the equations derived. 
For instance we have left aside the effect which the stress 0,2 may have 
at the segments F’E’ and C’D’; it is true that the values of o,5 at these two 
segments are of opposite sign, and thus do not call for compensation by the 
application of an exterior shearing stress which can store work in the 
system. It will be a matter for further speculation to find out what is the 
meaning of the relations which have turned up here. 


20. The impression will have been obtained that the introduction of 
dislocations of three-dimensional type leads to a picture possessing at least 
some features which point in the direction of the assumptions of which use 
was made in the “Second Report’ 22). Consequently we might imagine 
that in a crystal subjected to shear in the x-direction, along planes parallel 
to the x, y-plane, there would appear a number of disturbed strips of the 
nature of the rectangle FF’C’CF in fig. 9 or fig. 10, extending over various 
lengths L in the x-direction, and having breadths / in the y-direction. A 
schematical picture of such a system of strips has been presented in fig. 11. 

Nevertheless, the picture does not give results ready for immediate use 
in further calculations. In the preceding section we had arrived at an 
instance of a counteracting field, impeding the progress of a dislocation. 
From eqs. (47) and (50) it can be derived that in a region of the lattice 
surrounding the dislocation the value o;; remains negative so long 
as |y| is smaller than | z|. Hence the counteracting effect is also to be 
observed in the regions situated directly above and below the dislocation 


22) 


“Second Report”, p. 204 in connection with eq. (5. 12b). 
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considered. However, in regions situated further away in the lateral 
direction, where | y| becomes greater than |z|, the effect is of opposite sign, 


6) x 
Fig. 11. Crystal block with a number of rectangular dislocation lines 
parallel to the x, y-plane. 


and with the aid of eq. (46) it is not difficult to prove that the mean value 
of oy3 over a plane z—const. is equal to zero. 

This result is connected with the circumstance that the mathematical 
considerations developed above refer to the case of dislocations of finite 
extent embedded in a lattice which at great distances ultimately approaches 
to perfect regularity. Clearly such a picture is idealized too far, and cannot 
represent the state of things in an actual crystal, exhibiting irregularities of 
growth, etc. We must assume that in an actual crystal many of the irregular- 
ities, whatever be their nature, will extend over great distances, and that 
they will meet each other at various places, so that the crystal is divided 
up into more or less separate regions of regular structure. The boundary 
between two adjacent regions of regularity in many cases may be formed 
by systems of irregularities arranged so as to form a surface, and the 
dislocations migrating through the crystal in a process of plastic deformation 
often will have their endpoints moving over such surfaces. At these surfaces 
moreover the displacement components 1 may be subjected to certain 
conditions, which will react upon the field of stress. 


21. Systems of dislocations forming a ‘surface of misfit’ between two 
regions of a lattice. — An adequate treatment of the problems touched upon 
in the preceding section is difficult, and will not be given here. We shall 
restrict to the investigation of a surface of irregularity built up from a 
system of simple rectilinear dislocations of the type indicated in fig. 1. We 
assume a two-dimensional field, all singular lines being perpendicular to 
the x, y-plane. The problem to be considered is closely related to one 
treated by TAYLOR in order to obtain an example of a ‘‘surface of misfit’’ 23), 


23) G.I, TAYLOR, lc. p. 400. 
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Making use of the equations developed in section 11 A, we shall write, 
with a slight change of notation: 


C= 4-0 Li0x / 54) 


v—v*+ OP/dy \ 


When the complex variable x + iy (with i—|v —1) is introduced, eqs. 
(24a), (246) give: 


fol = ils Edy) const: ~~. ys os M3) 


which is a form convenient for generalisation. 
We take the case in which there are singular lines at the infinite series 


of points: 


Geen ile {== ee ee ee) 
where / and h are two arbitrary constants (both being equal to some 
multiple of j4)), while n takes all integer values from —o to + ao. By 


giving special values to / and h various subcases can be constructed; with 
h—0 all singular lines are situated in a horizontal plane (in thex, z-plane), 
with /—0 all are situated in a vertical plane (in the y, z-plane). — Every 
singular line gives a contribution into u* and v* which can be expressed 
by: 

Di ee Tl 


(a* + iv*), = — — In —_~ 


2% n (1+ th) 


According to well known procedures applied in the theory of functions 


(57) 


of a complex variable, we consequently may construct the solution of our 
problem with its infinite number of singular lines by writing: 
ee 


eae ey aoe 9 et) 

Te a Ee = 7 isin (aaa Foe (58) 

For convenience in notation we introduce the auxiliary variables: 
peace) ee AU ees 
Ere eae 

The separation of real and imaginary parts then can be effected by 

writing 24): 


Ire 


(59) 


Sin (eet 0) dV) Ct a een G03) 
where: 
a oe 5 tgh 7 
M=V% sin? - + sinh? n, ee op ee OCD) 
so that: ; 
2 49a ey ho 
u ce oe UV = oe In M . : . * . ° (61) 


24) Compare e.g. E. JAHNKE u. F. EMDE, Funktionentafeln, 1st Ed, (Leipzig u. Berlin 
1909); p. It; 2nd Ed) (1933)9 p60) 
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From the theory of functions of a complex variable it follows that: 


Ou" du" sie eg 
Neo GE Lt =O 0), 
Equation (14) thus becomes: 
2(+ u) du* A+ u | hsin2€+ 1 sinh 2) 
A v=— g i) —_——- : Ay ee Se Z|] 
A+2u Ox A+2u 2( + h?) M? — 


It is difficult to find the expression for W itself, but the problem is satisfied 
if we take 25); 


Pi In MY 
| 


Oe in| 2M? 


OF Atm Ay \n(lsinh2n+hsin2é 
On A+2u va) DV 


Of Atm A, (yu (lsin 2é—h sinh 27) 
(63) 
) 


-lInM \ 


From these equations 0Y/Ox and 0Y/Oy can be obtained without difficulty. 


22. It is of interest first to investigate the meaning of these equations 
for points at large distances from the row of singular lines. As the row 
itself is situated at the line 7 —0, these points are obtained by considering 
large values of 7. We must distinguish between positive and negative 
values, and it is useful to observe that 7 is positive on the left hand side 
and negative on the right hand side. 

For positive y we find: 


M~ sinhy; In M=const.+ 
ig a= cote |; a= CONSE a ot 


hence, neglecting constant amounts: 


w= Ag & Ay (lx + hy) 
eee te 2 (? + h?) 
(64) 
o_o __ Aolly—hx) 
ee 1 Se 2 (I? + h?) 
Further: 
OV OVP At+u Aly 
Se Oe — = Be eee a Be GLO) 
ae On A+2u 2? ie) 


25) Equation (62) does not wholly determine the function W, as a function W’, satis- 
fying the equation AY’ —0, always can be added. The value of ¥’ can be fixed only 
by having recourse to the conditions assumed at infinity. In the expressions (63) a form 
of YW has been chosen, which leads to the most satisfactory behaviour of u and v at 
infinity, as will be seen from the results given in section Ps, 


Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLII, 1939. DD 


GPP 


from which: 


Owes A+ be EER | 


oe ED (2 + h2)? 

ok (66) 
OF ATH AE (ly—hx) 
Oy '2t2Qn (PRY 


For negative 7 the values of u*, v*; OW/OF and OW/On; OW/Ox and 


OW /Oy change sign. 
In order to get an insight into these results it is of advantage separately 


to consider the cases /-—=0 and h—0O. 


A. In the case 1=0 (singular lines in a vertical row; compare fig. 12) 
we have: 0W/Ox =0, OW /Oy =0; and consequently: 


- ° — roe oY pee) oll ep wane ge || hy x 

fore <a On Ce as = hah) 

ae sig oo tome OL) 
, == JL Ae = —. 
for «0% u—=+ h? v= ; \ 
4g 

ci 

| 

| h 

| 

| 

ay, 


Fig. 12, Surface of misfit formed by parallel dislocation lines situated in 
the plane x — 0, 
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These expressions make: 


a Ho = me Sopa eed OG) 


Hence they state that at large distances from the y, z-plane the lattices 
are inclined over the constant angle + 9/2h on the left hand side, and 
—jAo/2h on the right hand side, without change of form. The deformations 
existing in the region near the y, z-plane completely disappear far away 
from this plane. 


B. In the case h=0 (singular lines in a horizontal row; see fig. 13) we 
have: 


: ee »_ Joy 
for yO: Nil vk ih es Ti 
ov 0: OF” 4 A+ pb doy 
Ox é oy A+2u 1 
and hence: 
ee Ope og 
a aoe oy | 
while for y<0: cha ee er (O9) 
erie eee eye 
I yi ce ae oe OUD Ie oy, 


In this case above the row of singular lines there is a lateral compression, 


Fig. 13. Surface of misfit formed by parallel dislocation lines situated in 
the plane y = 0. 
22° 
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accompanied by an extension in the y-direction, while below the row the 
reverse situation is found. 
The stress components become: 


for y > 0: Oxx = 


2u(A+ pb) Ao , ma 2 
ee 

and for sg°<.0; be eae SARL) 
iii be 
igre A+ 2k ‘bes oa. Peer Oe 


The fact that we obtain a value for o,. which does not vanish at infinity, 
shows that in a block of finite extension in the x-direction the state of 
deformation described by our formulae can exist only if suitable pressures 
and tractions are applied at the lateral boundaries. When this is not the 
case, another deformation will be superposed upon the one calculated here, 
the precise nature of which will depend upon the form of the boundary. 


23. The system obtained by taking 10 (fig. 12) clearly is of similar 
nature as the case considered by TAYLOR and pictured schematically in 
fig. 2a (p. 392) of the paper mentioned in footnote 2) above. It seems 
plausible to suppose that the “surfaces of misfit’’ occurring in actual crystals 
give rise to lattice inclinations of small amount, generally less than a 
degree, and often measuring a few minutes of arc only. Such cases are 
obtained when the distance h between two consecutive dislocations is of the 
order of 100 4, to 1000 4. There is, however, a difference between the 
conception introduced here and TAYLOR’s picture: TAYLOR appears to 
assume that the disturbance of the lattice in passing from one block to the 
other is small only in relatively small regions, represented in his fig. 2a 
mentioned above by the gaps in the line AB, where the distance of atoms 
on one side from the nearest atoms on the other is the same as that which 
belongs to the perfect crystal structure. In our picture on the other hand 
the regions where the two lattices are united in a regular way are of much 
larger extent than the regions where there is a disturbance; in particular 
when h is of the order 100 2>—1000 Jo, the parts of the “surface of misfit’ 
where there is an actual disturbance are of the order of a few percent only, 
perhaps even less, of the whole area. The two parts of the lattice in our 
picture are united so to say “in the best way possible” for a given angle of 
inclination between them. The “‘surface of misfit” in our conception there- 
fore would be still less “opaque” than in TAYLor’s picture, so long as we 
restrict to the consideration of dislocations the singular lines of which are all 
parallel to the z-axis, Evidently the “surface of misfit’ of our picture can be 
“opague’’ to dislocations with singular lines in other directions, provided 
these lines are of sufficient length. 

From the equations obtained in section 21 we can calculate the values 


Sy5) 


of o,, and o,, at the points of the ‘“‘surface of misfit”, ic. of the y, z-plane. 


We have: 


a Ou Ou Ov 
c= Oe se ta( set sr] 


. Ov Ou 
ae = Ie ( ae a : 


As in fig, 12: =a y/h, 7 =—a xjh, we find, for x —0: 


On” Gv* Ao my 
= = = — = cot 
Ox dy DA ah 
(71) 
Ou* dv* 
=== — = (everywhere in the field) \ 
dy OX ; 
es el Da eee 
On Oy? 2(A+2uj)h h | 
a (72) 
iene \ 
Hence in the plane x —0: 
M+ Ag ry 
a2 aii ent ch (73) 


2 
G5, ==10): \ 


When x is different from zero we obtain: 


peat 07  w(A+ pu) dy wx (cosh 2axIh) (cos 22y/h) —1 (74) 
a Ox dy (A+2u)h h 2(sinh?2ax/h+ sin? ay/hyP °° 


These expressions can be used for making estimates of the magnitude of 
the stresses to be expected in given cases, in a similar way as is done by 
TAYLOR. 

Other examples can be constructed, giving rise to a multitude of possible 
cases. For instance the “‘surface of misfit’’ can be repeated periodically at 
a distance Lo, so that a series of flat blocks is obtained. Or fields containing 
a finite number of dislocations may be investigated, and cases where the 
singular lines are not parallel straight lines, but lines of other form. 
However, it seems preferable for the present to leave the matter here. 


Mathematics. — Ueber fiinf Erzeugende einer F, im Ry Von 
R. WEITZENBOCK. 


(Communicated at the meeting of March 25, 1939.) 


Im dreidimensionalen projektiven Raume R; wird durch drei Geraden 
allgemeiner Lage eine Quadrik (= Flache zweiter Ordnung als Punktort) 
F, ‘bestimmt durch die Forderung, dass die drei Geraden Erzeugende 
der F, sein sollen. 

Im vierdimensionalen Raume R, gehen durch vier gegebene Gerade 
als Erzeugende im Allgemeinen 0? Quadriken F,; denn die Forderung, 
dass eine Gerade eine Erzeugende sein soll, ist mit drei Bedingungen 
aquivalent. Da eine F; durch 15 Konstante bestimmt ist, miissen fiinf Gerade 
allgemeiner Lage im R, einer Bedingung geniigen, wenn sie Erzeugende 
der F, sein sollen. Es handelt sich im Folgenden um Aufstellung dieser 
Bedingung. 


Zwei Geraden a;, und a;, bestimmen im R, einen Verbindungsraum 
Si2 mit der Gleichung 


(20912) = (xa? a7)= 4. D se xy Ap3 Os, (S12). 1-9 (Siz)2-4--.. 5 (Si2)s—0. (1) 


Bei vier Geraden haben wir sechs solche Raume S;, und damit ergeben 
sich drei zerfallende Quadriken 


Fi2,34= (xS12) (xS34)=0, Fy3 = (S45) (S42) =0 und F'14,23=(xS44) ($3) ==) 


die alle vier Geraden a,a,p und m enthalten. Dasselbe gilt fiir jede 


Quadrik des Biischels 
Fy, = AF i234 + w Pi342 + » F423 = 0. . 5 . . ee (2) 


Man kann leicht beweisen, dass jede Quadrik, die die vier Geraden 
a,a,p und m enthdlt, in dieser Gestalt darstellbar ist. Ueberdies besteht 
der Schnitt aller F; aus acht Geraden: den vier genannten und den vier 
Transversalen durch je drei derselben. 

Stellt man die Forderung, dass F; durch zwei gegebene Punkte y und 
z geht, so lassen sich 2, “ und » aus den aus (2) folgenden Gleichungen 
eliminieren und man erhalt als Gleichung der Quadrik, die durch die 
vier Geraden a,a,p,m und durch die zwei Punkte y und z geht: 


(2¢Si2) (20934) (2543) (xS%42)  (xeSi4) (20:33) 
Qux =| (ySi2) (yS3s)_ (ySis) (YS) (ySi4) (yS2s) |= 0... . (3) 
(zSi2) (zS34) (zS}3) (z.S4) (zSi4) (2S 3) 
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Hier ist Q,,=0 und Q.,=0. Fiigen wir die Forderung Q,.—0 
hinzu, so liegt die Gerade yz ganz auf der Quadrik. Wir erhalten also 
(ySj2) (zS34) ae (zSi2) (yS34) . . | 

— (ySi2) (yS34) : -|=0. . . . &) 
(zS}2) (zS34) | 
Diese Gleichung lasst sich so umgestalten, dass in ihr die Koordinaten 
Pik = (yz)ix — Yi Zk —Yk Zi 


der Geraden yz auftreten. Wir spalten /\ entsprechend den Elementen 
der ersten Zeile in zwei Determinanten: A = /\,-+ A). Dabei entsteht 
A, aus A, durch Vertauschung von y mit z und Umkehrung des 
Zeichens. /\, entwickeln wir nach der letzten Zeile; 


Ay = (ySi2) (ySis) (zy) 42,23 (251s) (2534) +... ss (5) 
Hier haben wir 
(2y)10,28 = — (PSx) (PSs) = — § (Sia Sis 9"): 


also wird der erste Term der rechten Seite von (5) gleich 
— §& (S42 S23 p"*) (S34 Z) (Si2 z) (ySi2) (ySi4). 
Hier formen wir das Produkt der ersten beiden Faktoren um: 


(Siz Sos p"") (S54 2) = (S34 S23 p") (Siz 2) — (S34 Siz y"’) (S23 2) 
#3 (S433 Sos 9 )(@ 2): 


Der letzte Term verschwindet hier wegen des Faktors (y’ z) und die 
beiden ersten Terme lassen sich mit den beiden ersten Gliedern der 
rechten Seite von (5) zusammenfassen. Man erhalt schliesslich: 


— 36 A; = (S23 S34 ’’) (y Sia) (224) (Sis Si2 wy") + 
+ (S34 S42 y"’) (yS13) (2523) (S14 Siz py"). 


Ebenso bei A>,; wenn wir q als fiinfte Gerade durch 5 andeuten, 
erhalten wir schliesslich 


{= As, 34, 23 As, LSE, As, TAZ + As, 42,34 As, 14,12 As, 13) 235-0 (6) 


wobei z.B. 
As, 34,23 = (PS34) (PS23) = (p p? m’) (pa? q’) 
u.s.w. gesetzt ist. 

A=0 stellt die gesuchte Bedingung dar, dass ftinf Geraden Erzeu- 
gende einer Quadrik im R, sind. Sie ist in den Koordinaten jeder der 
drei Geraden vom dritten Grade. Die Geraden 9, die mit vier gegebenen 
zusammen fiinf Erzeugende einer Quadrik sein kénnen, bilden also einen 
Linienkomplex dritten Grades. 


Mathematics. — Sur quelques systémes de congruences. Par J. G. 
VAN DER CORPUT. 
(Communicated at the meeting of March 25, 1939.) 


Les recherches modernes de la théorie additive des nombres conduisent 
a l'étude suivante. Considérons une congruence de la forme 


yp (y)=0 (mod. p*), 
ou y(y) est un polynéme 4a coefficients entiers, p un nombre premier et 
6 un nombre naturel. Désignons par Q, le nombre des solutions de cette 
congruence. Il y a des polynémes pour lesquels Q. croit indéfiniment 
avec /, par exemple la congruence 

y= (mod. p’*) 
posséde p!* ou p}'?—") solutions, selon que / est pair ou impair. D’autre 
part il existe des polyndmes yw (y) pour lesquels Q, est borné. Il y a 
méme des polyndmes pour lesquels Q, posséde une méme valeur pour 


tous les 6 supérieurs a une certaine borne. Ceci est le cas, comme 
M. Loo—KenG Hua!) l'a démontré, pour chaque polyndme w(y) a 
coefficients entiers tel que le plus grand commun diviseur D de wy (y) et 
de sa dérivée w’(y) soit indépendant de y. Dans ce cas M. HuA a 
démontré que Q, posséde la méme valeur pour les B=2y-+ 1, ot p’ 


désigne la puissance la plus élevée de p qui divise D. Considérons 
maintenant un polynéme y (y;,...,y,) a coefficients entiers et désignons 


0 i 
aa par w.(y,,...,ys) (c= 1,...,s). Supposons qu'il existe un nombre 


y =0 tel que le systéme des s congruences 


WG wees, Ys) == OO. p27" )\e te Ginn ee) == Ono: pitt) wid) 


(6=1,...,s) n’ait aucune solution. Si nous désignons par p‘~!)4 QFrle 
nombre des solutions de la congruence 


Ply... ¥s)=0 © (mod. p’), 


le nombre Q, posséde, comme nous le démontrerons, la méme valeur 
pour tous les B=2y+1. 

La condition imposée est certainement remplie, si nous pouvons trouver 
s+-1 polynomes a coefficients entiers u(y;,...,ys) et us (yy,..., y;) tels que 


W(Yrr ees Yo) Yr ese Ys) FS te (Yr +s +s Ys) Ve Yrs ++ Ys) 


!) Journal of the London Mathematical Society, 13, 54—61 (1938). 
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soit égal 4 un nombre D0 indépendant de Uwe abe neettet. on 
peut alors choisir pour p’ la puissance la plus élevée de p qui divise D. 
Ce fait, appliqué avec s=1, donne le résultat cité plus haut de M. Hua. 

Siegn..-7u.) est.egal a V(yi...,47:) = ou t+ 0 est indépendant 
de yi,...,ys et ot W(y,,...,y,) désigne une forme en Ung Yeade 
degre k= 1, on a 


kw (yy--- ss) 3 yo Ws (Yrs... yo) =e: 


dans ce ‘cas la condition imposée est valable, si l'on choisit pour p’ la 
puissance la plus élevée de p qui divise kt. 

Généralisons le résultat précédent en considérant au lieu d’une con- 
gruence un systéme de congruences 


v (Yar «+++ Ys) = 0 (mod. p?) (u=1,...,m), 


ou s est =m et ou y,(y1,...,ys) désigne un polyndme a coefficients 


entiers. Comme nous le verrons, il est utile de considérer la matrice 


st ee tT 
\Wm1l++++ Wms 
E Oy, 
ou Yee = a Je supposerai que M posséde le rang m. Les puissances 
p“, p®,...,p%m s'appellent les diviseurs élémentaires modulo p de M, si 
pwt---+% est pour w—1,...,m la puissance {la plus élevée de p qui 


divise chaque déterminant d’ordre u de M. 

Ces diviseurs élémentaires modulo p ne changent pas par les transforma- 
tions suivantes de M, qui s’appellent des transformations élémentaires'): 
1. Echanger deux lignes entre elles ou deux colonnes entre elles. 

2. Multiplier tous les éléments d'une ligne (colonne) par un méme 
entier qui n’est pas divisible par p. 

3. Ajouter aux éléments d'une ligne (colonne) les éléments correspon- 
dants d’une autre ligne (colonne) multiplies par un méme entier. 

4. Remplacer un élément par un entier qui lui est congru modulo 
pate ttm tl, 

Si une matrice M peut étre transformée en une matrice M” par un 
nombre fini de transformations élémentaires, les matrices MZ et M’ sont 
dites équivalentes. 

Comme M renferme au moins un élément qui n’est pas. divisible par 
p%*!, il existe une matrice équivalente a M dont le premier élément 
n'est pas divisible par p*'*! (opération 1). Il existe donc une matrice 
équivalente 4 M dont le premier élément est égal a p” (opérations 2 et 4). 


1) Comparez par exemple: M. BOCHER, Introduction to Higher Algebra, 1924, Chapter 
XX, ou Einfiihrung in die Héhere Algebra, 1910, Kapitel XX. 


330 


Comme tous les éléments de cette matrice sont divisibles par p%, il 
existe une matrice équivalente a M, dont le premier élément est égal 
a p% et dont les autres éléments figurant dans la premiere ligne ou 
premiére colonne s’annulent (opération 3). La répétition de ce raisonne- 
ment nous apprend que la matrice 


Ese ele ou 0 8 

eee OS Wael 

0 Owerc pe 0 eae 
est équivalente a M. Comme chaque élément de M’ est divisible par 
p™, on a a; =a, et de la méme maniére on trouve a = a =...= 4. 


Si nous remplacons dans M un élément par un entier qui lui est 
congru modulo p%»t!, les diviseurs élémentaires modulo p ne changent 
pas. En effet, un déterminant quelconque d’ordre u de M est remplacé 
par un déterminant qui lui est congru modulo p%*:::t%—-1+%m*!, donc 
modulo pt +%+1, 

Considérons maintenant le systeme de congruences 


s 
2 Wis Yiseee4 Ys) ha == Da p= Mod: pi) aa en) 
(u=1,,,.,m), ot 5,,...,bm sont entiers et t==a,,. ~Les transformations 
1, 2 et 3 de M transforment ce systéme de congruences en un systeme 
possédant le méme nombre de solutions; au lieu des membres de droite 
on obtient les mémes ou d'autres multiples de p%m. Le nombre des 
solutions de (3) ne change non plus, si wu>(y;,...,ys) est remplacé par 
un entier qui lui est congru a p**t!. Par cette opération et les opérations 
1, 2 et 3 on peut transformer (3) en 


p%" hy = by, p*m (mod. p*) (is ait) see eae 4 
de fagon que le nombre des solutions (hy,...,h,) de (3) est,égal au 
nombre des solutions (hi,...,h;) de (4), donc égal a p&—™tt%+--.+4m, 


Passons aprés ces remarques préliminaires a la proposition |. 


Proposition 1: Supposons qu'il existe un entier y =O tel que pour 
toute solution du systéme de congruences 


Wuyi, ..-+ Ys) =0 (mod. p??*3) (Wes "7.2 a 71)\e eee (S) 

le rang de M soit m et que le dernier diviseur élémentaire modulo p de M 
soit =p’. Si nous désignons par p*—™@ Q, le nombre des solutions 
de (2), le nombre Q, posséde la méme valeur pour chaque B=2y +1. 
On peut ajouter a cette prodosition une autre proposition plus générale. 
Soit » un entier =0. Je dis qu'une solution y = (y1,-. +1 Yn) de (2) posséde 
la propriété P(a,,...,an), si le rang de la matrice M est égal a m et 


ool 


si p™,...,p%m sont les diviseurs élémentaires modulo p de M. Comme 


nous le démontrerons, la proposition 1 découle immédiatement de la 
suivante. 


Proposition 2: Introduisons les entiers s,m, f, w,,...,w, tels que 
nous ayons s=m—=1 et B=1; introduisons en outre m polyndmes 
PulYir-...Ys) 4 coefficients entiers et m entiers non-négatifs a,=a)=...=ap. 
Posons a,=yv et B=2»+1. Le nombre de solutions du systéme 


WulYi,.«., Ys) = 0 (mod. p**')* 9, ==w; (mod. p?). . . (6) 


(==1,...,m; 0=1,...,5) possedant la proprieté P(a,,...,0,), est 
exactement p>” multiplié par le nombre de solutions du systéme 


Wu (Yu ~~.» Ys) = 0 (mod. p*); ys ==wa (mod. p?)-. . . (7) 


avec cette méme propriéte. 
Il découle de cette proposition que le systéme 


Wu (Yi,.++» Ys) =0 (mod. p**') Neale angi) eee) 


posséde exactement p* ™ fois autant de solutions avec la propriété P(qj,...,4m) 
que le systéme (2). 

Il est facile de déduire la proposition 1 de la précédente. Il résulte 
des conditions de la proposition 1 que le systéme (2) ne posséde aucune 
solutions avee la propricté P(a;,...,G,)) S| P==2y-- | et a, =y-- 1. 
On a par conséquent 


Q,= Oy Qs, (a1, - ++» Om) cs eR Ee eae gH (O) 


m%, 


ot p'—™? Q,(a,,...,4m) désigne le nombre des solutions de (2) avec la 
t 


propriété P(a,,...,4n). On obtient de la méme maniére 


Q..1= = Qa (Me + +s Ems 
nomen 


5 


on p's 7) OF (,..-, 4) désigne le nombre. des solutions de (8) 
avec la propriété P(a,...,4n). La proposition 2 nous apprend 
Q.4, (ge On) Q, (Ginna), (par consequent Ori = S 


Bp est =2y-- 1. 
Démonstration de la proposition 2. 
Soit y=(y;,...,ys) une solution quelconque de (2) possédant la pro- 
priété P(a,,...,@mn). Pour une solution z=(z,,..., z;) de (2) telle que 
Z, ==; (mod. p*”) (Galetti eS) ae Te en LO) 
la différence 
Wie CAG eo Re Ohm Ey) 


est congrue a zéro, modulo p*”, donc aussi modulo p’*' (en vertu de 
p—v=yv-+1), de sorte que, d’aprés une remarque précédente, les diviseurs 
élémentaires modulo p de Mne changent pas, si l’on remplace y par z. La 


332 


solution z posséde donc aussi la propriété P(a,...,4"). Si j appelle 
y et z deux solutions équivalentes, cette notion d’équivalence posséde 
par conséquent les propriétés réflexive, symétrique et transitive. 

Si y désigne une solution de (2), ayant la propriété Pia rata Oey ree 
si l'on pose 


2, Vet dap (ose ees): 
ou g., est entier, on a 


Ye (Zi, kn Zs) —_ Wulyi Seer ys) + = J> pre Wus (y1, ree Yt) ys) 
modulo p?*?”, donc aussi modulo p*. On obtient par conséquent 
Wu (CA igtens 4) —= DS gc pee Wus (y1, SRE ys) (mod. p’). 
foj =) | 


Une condition nécessaire et suffisante pour que z soit une solution 
de (2) est donc 


SOs Wes (ig os os) == Ol (niod, p"): 


=| 


D’aprés le raisonnement précédent (appliqué avec tv) le nombre des 


solutions g=(9,.....g:) de ce systéme est égal a p= "72"? on 
m=a,+...+4n1, de sorte qua chaque solution y de (2) avec la 
propriété P(a,,...,@,) correspondent exactement p*-"+!)”"*+” solutions 
équivalentes, et ces solutions équivalentes possédent toutes cette méme 
propriété P(a,,...,an). Une classe K de solutions de (7), équivalentes 
a une solution donnée qui posséde la propriété P(a,,...,Gn), est donc 
formée par p*-"*t"+® solutions de (7). 

Si u=(u,,...,u;) est une solution de (8) avec la propriété P(a,,...,4mn), 


toute solution v=(v,,...,v,) de (8) avec 
Us = ua; (modip?**”) (CI) 


est dite équivalente a la solution u. Une classe K’ de solutions de (6), 
équivalentes 4 une solution donnée qui posséde la propriété P(a,,...,am), 
est formée par p’~™*1)”+” solutions de (6), d’aprés le résultat précédent, 
appliqué avec /-+ 1 au lieu de fp. Toutes ces solutions de (6) possédent 
la propriété P (a,,..., Gm). 

Soit r le nombre des classes différentes K des solutions de (7) qui 
possédent la propriété P(ay,...,am) et désignons par t le nombre des 
classes différentes K’ de solutions de (6) qui possédent cette propriété 
P (a,,..., 4m). Comme chacune des classes K contient autant de solutions 
que chacune des classes K’, il suffit de démontrer que ¢ est égal a 
pr. Pour obtenir ce résultat je démontrerai qu’a chacune des classes 
K correspond bi-univoquement un systéme formé Patip  “eclassesarce 

Soit K l'une quelconque des classes citées. Un élément arbitraire 
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y=(y;,...,ys) de K est une solution de (7) avec la propriété P(a,,..., 4m). 
Si nous posons 


i; = y, + h, p®-” (Ge ems)ce Se? (LL) 
nous avons pour u—l,...,m 
el Camtasia, wees) ee Ss Pe Wye (aes cs Ge) 


modulo p?*-?”, par conséquent aussi modulo p**! en vertu de B=2r +1. 
Une condition nécessaire et suffisante pour que u—=(m,...,u,) soit 
une solution de (6) est donc 

PS Oe 


< his Wac(Yi.-».Ys)=—p 3 


vd 
as Fs mod. p? *?) 


(w=1,...,m) et, d'aprés le raisonnement précédent, ce systéme de 
congruences posséde p*-™/"*+)+"+ solutions. De cette maniére chaque 
solution y=(y,...,ys) de K fournit p*-™)0++"+ solutions différentes 
u de (6), et chacune de ces solutions u posséde la propriété P (a,...,4n), 
CaP Qe (iy, 8s, Us) “Was (G17. oe fe) est civisible par pe ”, donc par p* =". 
Deux solutions différentes y et z de (7) appartenant 4 la méme classe K 
donnent les mémes solutions de (6), parce que y et z sont équivalents 
et vérifient donc les congruences (10). La classe K fournit ainsi exactement 
ps-m+0+"+ solutions différentes de (6) qui toutes possédent la pro- 
pricté P'(ay, .-. » On). 

Si l’on trouve de cette maniére une solution u de (6), on obtient aussi 
chaque solution de (6) qui est équivalente a u, de sorte qu’a laclasse K 
correspondent 


Daw (v+il)tyto : pe +1)" 4+ — fe oy 


classes K’. Réciproquement, si une de ces classes K’ est donnée, la 
classe correspondante K est définie univoquement; en effet, une solution 
quelconque u de (6) appartenant a K’, est une solution de (7) ayant la 
propriété P(a,,...,a@m) et appartient a une ciasse K qui est ainsi fixée univo- 
quement. La proposition 2 est donc démontrée. 

Le corollaire suivant de cette proposition est utile dans la théorie 
additive des nombres. Considérons le systeme de congruences 


ay (hy, -.++ hs) = 0 (mod. p*) (w= 1,...,m)) 
h, =u, (qd al amo = ens) 


(12) 


Ol ¥1,.++»%m désignent des polynémes 4 coefficients entiers, u, et U; des 
entiers donnés; U, est supposé positif. Je partagerai les nombres naturels 
os en deux familles (l'une d’elles pouvant étre vide) et je supposerai 
pour tout o de la premiére famille que wu, soit premier avec (OE 


Gio 


Désignons par p*-™*Q3 le nombre des systémes h=(hiees ae) formes 
par s nombres naturels h, =U, p*(o=1, ...,5), qui vérifient le systéme 
(12) et remplissent en méme temps la condition 

IT’ h, 40 (MOG? p),.0) en eeu ane een Lea) 


ou II’ est étendu aux o de la premiére famille; si la premiére famille 
o 


est vide, la derniére condition est automatiquement remplie. Pour étudier 
ce nombre Q% on peut, comme on le verra dans la proposition suivante, 


considérer la matrice 


hia se ee Clea 
V0 ka ee eet Ni 
Clea SESS Cle 
: O Xu 
ou ae 
Proposition 3: Supposons qu'il existe un entier y=0 tel que le 
systeme 
41 (hy, +++» hs) = 0 (mod. p??*?) (u=1,...,m)) 
(U4 
hs = u. (mod. U,) (oz lees) \ 


ne posséde aucune solution h=(h,,...,h;) avec (13) et avec la propriété 
que le dernier diviseur élémentaire modulo p de la matrice M™* soit 
Supérieur a p’. 

Dans ces conditions Q3 posséde la méme valeur pour tout B=2y+1. 


Démonstration: Si nous posons 
%,, (uy Ud, Uinaw fs 8 ENUF iin coc aU) 
p’—™)* Q% désigne le nombre des solutions du systéme 
We Yipee Ys) =O LIMOd. pi) (Ae) eee een) 


telles qu'on ait pour tout o de la premiére famille 
u, + U; y, 40 (0d) aia ee eee (1) 


Pour un o de la premiére famille pour lequel U, est divisible par p, 
le nombre u, est premier avec U,, donc n'est pas divisible par p; pour 
un tel o la congruence (16) est vérifiée d’elle méme. Pour un o de la 
premiére famille tel que U; ne soit pas divisible par p, il existe un seul 
nombre naturel z;=p avec la propriété que u, + U, z, est divisible 
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par p. Par conséquent p'”?Q% est le nombre des solutions de (15) 
telles qu’on ait 


Ys 20 (Od 52) es bees Serene (LZ) 


pour tout o de la premiére famille avec U; 0 (mod. p). 
Supposons maintenant B=2y+1. Si une solution quelconque de 


(15) et (17) posséde la propriété P(a,,..., am), le nombre a, est néces- 
sairement =y. En effet, si a, était =y +1, le systeme h=(h,,...,h;) 
défini par 

ho ee Cl (C= sda) 


serait une solution de (14) avec (13), telle que le dernier diviseur 
élémentaire modulo p de la matrice M* serait supérieur a p/. On adonc 


a 


Q3= = Q, (Gap et) 


ou p*-™ 4 Q, (a,,...,4m) désigne le nombre des solutions de (15) et (17) 

possédant la propriété P(a,,...,a,). De la méme maniére on obtient 
Qe +1 a =) Qs41 (a, ete Om) 

ot p<”) (+) Q.. (a,..-, 4m) désigne le nombre des solutions de (17) et 
We (Uy, 22 Yr.) == 0 (mod. pe) 

qui possédent la propriété P(a,,...,a,). La proposition 2 nous apprend 

que Q,(a,...,4n) et Qa (%,.++, 4m), donc aussi QZ et Q%,, pos- 


sédent les mémes valeurs, si / est =2y-+ 1. 


Mathematics. — Contribution a la théorie additive des nombres. Par 
J. G. VAN DER CorpuT. (Sixiéme communication.) 


(Communicated at the meeting of March 25, 1939.) 


Dans cette communication ') je donnerai la démonstration de la pro- 
position 12 (p. 8). Désignons par C199, Cio1,++-»C116 des nombres, dépendant 
uniquement de M,»,K,U,U’, m et du choix du polynome y (x), par 
‘C7, Cs, Co et Cy) des nombres dépendant uniquement de M, K, U, U’, 
m et du choix du polynome w(x). Comme je l’ai dit dans la communication 
précédente, cette démonstration est analogue a celle de la proposition 9 


(p. 557—566). 


Premiére partie de la démonstration: 


Considérons dans cette partie de la démonstration les conditions ”) de 
la proposition 1. 


1. Je choisis pour V l'intervalle fermé (2K, N), pour V’ l'intervalle 
fermé (A’, N) ot A’ = N (log N)-?9™ et pour T’ l'intervalle fermé (2, N). 
Posons r(v)—1 ou 0, selon que ~ est un nombre premier = u (mod. U) 


K 


ou non. Si nous posons en outre 


i 1 
r=—— et oe(v)= (2K=v=N), 
ces K p(U) log 


les inégalités (1) sont vérifiées. 

Si N est suffisamment grand, chacun de ces trois intervalles V, V’ et 
T renferme au moins un entier et au plus N entiers, A’ est =2b et a 
chaque v’ =A’ correspond un seul nombre positif x avec wy (x)= v’. 

Pour un entier v’ (A’=v’=N) auquel correspond au moins un 
nombre premier p’ =u’ (mod. U’) tel que yw (p’) =v’, je pose r’ (v’)=1 
et pour les autres v’ je pose r’ (v’)—=0. Je prendrai 


eee 


eA eae nS 


ou je fixerai cy) plus loin. Nous avons 


1 


i aio 
PREACH ESames)  anuN een ING SIN 
N 


1) Voir Proceedings Kon. Ned. Akad. v. Wetenschappen, A’dam, 41, 227237; 350361; 
442—453; 556-567 (1938); 42, 2—12 (1939). 


2) Voir Proceedings Kon. Ned. Akad. v. Wetenschappen, A’dam, 41, 229 (1938) 
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si nous choisissons C9) = Cj9;._ Les nombres 


et 


1 
—1l14+— 
- : ’ ce 
sont = ¢i.2A = 7) si || one choisitecyp C92: 
La premiére condition de la proposition 1 est donc remplie. 


Posons /=1 et en outre pour les fractions irréductibles — a 
q 


2s 
dénominateur positif 
a p(u) au () 
A = Ps e eee, (OF 
Gee ae ae 
h=u(mod.U) 
(h,q)=1 
et 
so ay (h) 
ete 3 e( Pot erg oe FLO 
q p(qu’) s=1 q ee 
h=u! (mod. U’) 
(h,q)=1 


ou e (a) = e?7'*, Les nombres 4 &) et 1’ a sont en valeur absolue 


=q, de sorte que (3) est valable, si l'on choisit y, = 1. L’expression 


ASS 

Sy i S=y 

/ U (h) \ for me 

a one a v 

Pe Os ees ne ee ese sl Biles 

p'/qU' qd es : a Svesn TONS Rend OM eee log 

A! Sy) SN ce lana -  -p(p)Sy lay b 
pia! (mod. i) (h,qUu‘y=1 ph medi) 

wip')=y 


est en valeur absolue d’aprés de lemme 14 (appliqué avec k = q U’) 


pour tout nombre naturel m inférieure a 


1 er: en 
Fie Ne llog Nir SGeqiN A’ ¢-(log N)-”. 


Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, Vol, XLII, 1939. OB 
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En remplacant y (x) par Kx, par conséquent g par 1, on obtient donc 


que 


est en valeur absolue inférieure a 
qu +qC, N (log N)"" = Cy qN (log N) *. 
Par suite les inégalités (4) et (5) sont valables, si l’on choisit 
Ym = Gree Ym = CG et Ci00 == Il. 

3. A chaque v’=A’ correspond un seul x >0 tel que y (x) =v’. 
Si nous introduisons les nombres positifs a’ et f’ avec les propriétés 
y (a’) =A’ et wp (bP) =N, nous avons 

SL Ue? ee Ds CPU EP Cy Weal) 


Ai Sv=N a Sp Sper 


Posons 77m —1-+¢, ot € désigne le nombre figurant dans le lemme 19 
(These Proceedings. p. 11). Si N est suffisamment grand, on a 
N™ (log N)'" = B’ “ (log B’)) et (log N)'™= (log f’)°. 


y 
‘| 


Pour tout nombre réel a tel que l'intervalle fermé (a= N (log N)'™) 
ne contienne aucune fraction a dénominateur = (log N)’™, lintervalle 
(a + B’ "(log P’)?) ne contient aucune fraction a dénominateur = (log pf’): 
et le lemme 19 nous apprend donc que le membre de droite de (6) est 
en valeur absolue 

1 1 
= / BY \ eT a —m —= pit —m 
== C193 P (log 9) == cing NN@ (log IN)” =ei5, NA 9 (log N) 
=y,1" N (log N) ”, 


si nous choisissons 7, ==Cioq et Cig = 1; 
Ainsi nous avons démontré que les conditions de la proposition 1 
sont remplies. 


Deuxiéme proposition de la démonstration : 


Considérons maintenant les conditions de la propositions 5. (Proceedings, 
41, p. 443). Pour démontrer que la fonction 


q-1 __ 2tiat 
fe OCh l= Serie (Se Toe ee ee 
a=0 (Gly, q 
(a,q)=1 


posséde, pour toute paire de nombres naturels qi et q2 qui sont premiers 
entre eux, la propriété multiplicative H (q,, #) Fl (Goat) == Flos t\sail 
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suffit, comme nous l’avons vu dans la deuxiéme communication (p: 354) 
de déduire les relations 


C=O) Qe) 
q1 @2 M1 2 U1 2 <a Ga 


a a 

pour un couple quelconque de fractions irréductibles “' et “2 dont les 
i q2 

dénominateurs q, et q) sont premiers entre eux. Or, ces relations 

découlent immédiatement du lemme 13 (p. 556) en posant 7(x)=K-x 

Guy (x) = (xc); 


Posons pour tout nombre premier p et pour tout entier o=—0 


5 / p?U! 
pe EE Se are) 
Y (p U’) a 
h—=u' (mod, U') 
Capra 
p? |p (h)—t 


To est donc égal a 1. Je dis que pour chaque nombre naturel o 


Di play eee = 
Re Fae Da i aaa OP as ee Sean 
Q (p’ ee) ra 1 ( ) 
h=u!' (mod, U’) 
(h,p)=1 
p?—! Jap (h)-t 
En effet, dans le cas ot o est égal a 1 et p nest pas un facteur de UU’, 
le premier membre de (74) égale 
y (U’) = 
—~ ,(p>—1)=1= Tp). 
epee” : 


Dans les autres cas a tout nombre naturel k =p’! U’ correspondent 


précisément p nombres naturels h =p’ U’ définis par 
h=k (mod.p’ 1 U4): 
les relations 
== umod Ul \o. (hep ale pth (kK) 
entrainent 


h==w (mod. UW’); (ap) — 1s po /with)—t 


et réciproquement (dans le cas o—1, p est un facteur de U’, de 
sorte que les relations hu’ (mod.U’) et (uw, U’)—1 impliquent 
(h, p)=1); le membre de gauche de (74) est donc égal a 


Fel y De! ul’ 
pee eee te Ti, 
@(p U1) k=1 
k=ual (mod. U') 
(k,p?—})=1 
p?—! ap (k)—t 


25n 
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Dans |'évaluation de 


el ee (2) G ) 
7 a= ENS Sy dl = = [p\— 
H(p f) P (p” U’) i a= a De (vy ( 
h=u'(mod.U’) (a,p)=1 
(h, p)=1 


(c= 1) (comparez (70) et (72)), je distinguerai cinq cas différents. 


1. Soit pt U et p’/K. La relation (69) nous apprend i(>)= iG, 


par suite 


ot 2. Se ( a ) 
7 fh = —— h)—t 
Nea p (p? U’) ce ee, Epa ae 


h=u!'(mod.U') (a,p)=1 


(h, p)=1 
@ (U’) p? U' es p’ U' aS 
ny sen dP >> Pie lig eae. 
RR) Me eop ye te (75) 
h=u' (mod. U') h=u! (mod. U") 
(h,p)=1 (hy p)=1 
p? |p (h)—¢ p’ tw (h)—t 


p? | frp (h)—€ 


= T,— je 
en vertu de (73) et (74). 


2. soit =p t Us po 7 Ks pt kK. Le nombre 16 ) defini par (69), 


U o—1 ===" , 
est égal a aaa reat de sorte qu'on obtient 
TT 
H (p’, t) =— —, 
(p’. t) i 


3. Dans le cas ot pt U et p’—'+K, les nombres 4 a) et Hip7.0) 
sannulent. 


4. soit pil et p7/K U. Ona 


U’) oak pt a 
fl (p75) = P ( aa i 
(Pt) @ (p? | oe) 2. ise e (2 (p (h) + Ku 0) 
h=u! (mod. U") (a,p)=1 
(h,p)=1 
— T,—Te-1, 


si l’on pose pour o=0 


nave) me 
@ (pL) ne: 
h=u' (mod. U') 

(ype 


p” | (h) + Ku—t 


5. Dans le cas ot p/U et p’ + KU les nombres (>| etald (ot) 
po 


s'annulent. 
Démontrons maintenant qu'il existe un nombre y dépendant uniquement 


de K, U, U’,G et g tel qu'on ait 
|H(p7.)| < ee mete ees 75) 


“ pour tout nombre premier p, pour tout entier ¢ et pour tout nombre 
naturel o. Comme nous le savons, G désigne le nombre défini au 
commencement de la cinquiéme communication (p. 2), c.ad. G est le 
produit de tous les nombres premiers P qui ne sont pas un facteur de 
U’ et pour lesquels les congruences 


wy (x)= y (1) (mod. P) 


sont valables pour tous les entiers x non divisibles par P. L’inégalité 
(76) est évidente, si p’/KU et également si o=2 et p’'/K. Elle est 
aussi évidente si H(p’, t)—=0. D’aprés le raisonnement précédent seule- 
ment le cas o—1 et pt} KU reste. Je puis supposer p+ UW’; sinon (76) 
avec o—1 est évident. Si tous les coefficients du polynome yw (x)—y (1) 
sont divisibles par p, ce nombre p est un facteur de G et (76) est 
immédiat. Si au moins un des coefficients du polynome w(x) —y(1) n'est 
pas divisible par p, la congruence yw (h)— t= 0(mod. p) posséde tout 
au plus g solutions et 


de sorte gue 


epee Amel < ae 
est en valeur absolue inférieur A —, oti y désigne un nombre conve- 
P 


nablement choisi. Ainsi (76) est démontré. 
D’aprés la propriété multiplicative de la fonction H (q, (f) on a pour 
tout nombre naturel q et pour tout entier ¢ 


yee 1 C195 
H@ij= TH He j= u 2. oO We ie 
p’la Pla P ee Ae) q im 
p™<y p™ a7 


Par conséquent les conditions de la proposition 5 (p. 443) sont remplies. 


Buys 


Troisiéme partie de la démonstration: 


Si nous posons 


et 


fe log log | 


lo 
CH= 1. “so ia 


Pp Gl 


la proposition 5, appliquée avec m=g M (vy est donc > m) nous apprend 


N 
Z == A207 = cael 2 IN log aN = 
ie) 
<Cio7 A’ TIN? \log IN) =a 
2 iL 2 (77) 
Pci Nene eae) 
1 
== Cipgt, “log Nya: 
en vertu de (68). 
Soit p un nombre premier quelconque et désignons par p” la puissance 
la plus élevée de p qui est un diviseur de KU. Si pn‘est pas un facteur 


de U, on a 


foes FH ipteryas 12k) Seripeen) 
p—il 


= (4s (= T=) Snioe it 
5 = joa 1 
= “es = Ya =e Sts = P T.,— IB +1 
“— p—1° p-l p—1 
ptig(U)—, meta pita 
= zi 1 — 
Plena)! 2 ier 
h=u! (mod. U') h=au! (mod. U") 
(h, p)=1 (h,p)=1 
ply (h)—t p? + Ty (h)—t 
= W (p,t) 


d'aprés la définition de cette derniére fonction (voir p. 6). Si par 
contre p est un facteur de U, on a 


1+ = Hp? j=l Ss (po hae ie 
oS oil or 
Soe aN ae 
= Mai es, == WWAleniae 
@ (pe Fat oe 
h=u! (mod. U’) 
(ep j=1 
php (h) + Ka—t 
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Supposons maintenant que f soit >1 et que (log t)” soit = K? LU”. 


Pour un facteur premier p de KU chaque nombre o > Nees ‘| 
og Pp 
satisfait a 


(or > Worepidy Sai 10k 


dou il suit o >2m=w-+1, de sorte que H(p’,#) s’annule. Pour un 
nombre premier p = (log t)” qui n'est pas un facteur de KU ona w=0, 
de sorte que H(p’,f) s’annule pour tout entier o > 1, par suite pour 


slog log t 
tout entier o > L LES 


. Ainsi nous trouvons 
log p 


[2 log log | 


Or) ld (Vay Spot) aS Blip?) 
Pp Gaal p= (log t)” i) | 
Se Walp he = O0G) 
PS (log t)” 


en vertu de (62). L'inégalité (77) nous apprend donc 


IN] 2 
Z |LWO-AG 2 (OP <eiyN** (log NM... (78) 


re 


puisque les termes dans lesquels (log ft)” est inférieur 4 K? U? fournissent 
une contribution dont la valeur absolue est < cy10. 

Maintenant nous sommes presque PLEtswacak il suffit de démontrer 
quiil est permis de remplacer dans la derniére inégalité L(t) per F(t) 
et A(t) par @(f), si nous remplacons dans le nombre de droite cy99 par 
un autre nombre dépendant uniquement de M, », K, U, UW et du 
choix du polynome y (x). 

Considérons d’abord W(p,f) ot le nombre premier p n'est pas un 


= [)}2 
facteuvr de KUU’G. Di’aprés la défiaition (p. 6) p— ibaa (p, ¢) 


est le nombre des nombres naturels h tels que 
= pil h=w (mod. UW’); p/h (p (h)—2). 
Il est impossible que tous les coefficients du polynome 
a oe LIX | 0) 


sont divisible par p. En effet, dans ce cas on aurait pour tout nombre 


y =u’ (mod. U’) 
y (w (yy—t) = (mod. p); 
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a chaque entier x correspondrait un nombre y=wu' (mod. U’) avec 
y —<x (mod. p) et on trouverait pour tout entier x 


x (py (x)—) =0 (mod. p), 
par suite pour tout entier x non divisible par p 
y(x)=t; p(l=t; ypl(x)=vy(1) (mod. p), 


de sorte que p serait un facteur de G, ce qui est contraire a l’hypothése. 
De cette maniére nous avous trouvé que les coefficients du polynome 
W(x) ne sont pas tous divisibles par p, de sorte que la congruence 
Y (x) =0 (mod. p) posséde tout au plus g +1 solutions. Par suite on a 


ete 
Eas = Walp = rea eee 
dou il découle 
2g 


Le lemme 12 (p. 452) nous apprend pour tout entier t > e? 


| Q5 (t) | =e14, (log log t)*#. 


Traitons ensuite L (é), le nombre des nombres premiers p = u (mod. U) 
avec p=2K tel que t—K p soit égal a y(p’), ot p’ désigne un nombre 
premier =u’ (mod. U’) avec w(p’)=A’. On a donc 

1 


O=F iH L G2ec eA 


Considérons enfin 


A (t) =cy12 i - 5 
=22 Re eeu 
al (1-9 x (9 b } 
vols 


ou 


Nous avons 


OS Ot) a(t) oe 


v=2K aU Oe 
260 a! (129 x) (‘ea b ) 


v+v’/=t 


log 2 v—2K log Wg log iv 
2So'<a’ K 
v+v'=¢t 
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d’aprés la démonstration donnée 4 la fin de la quatriéme communication 
(p. 566). Nous obtenons donc 


1 


| F(t) (t) Q (t)|< | L (Q)—A () 2 (t)| +4 A, 
dot il suit en vertu de (78) 


[N] 


2 2 
X | F(\—@ (8) QF (8) |? <2ciog N47 (log NV ™ + ey,5 NA’ 


t=2 


2 
=CygN "9 (log N)™. 


Ainsi la proposition 12 est démontrée. 

Bien que nous n’ayons pas encore démontré ainsi tous les résultats 
annoncés dans |'introduction, nous arréterons ici cette série de communi- 
cations, parce que sous peu nous ferons paraitre dans les Acta Arithme- 
tica trois théorémes plus généraux et plus aisés a appliquer que ceux 
que nous avons obtenus dans les notes précédentes. 


Mathematics. — Sur un probléme de WARING généralisé. |. Par J. G. 
VAN DER GORPUT et CH. PISOT. 


(Communicated at the meeting of March 25, 1939.) 
§ 1. Jntroduction. 


Dans trois récents théorémes VAN DER CoRPUT !) a étudié la représen- 
tation d'un systéme f= (t;,..., fm) de m entiers t, par des expressions de 
la forme 


f= Dit (ies 22 aT) ee ee ee (1) 


ot b,, sont des entiers donnés et v, des entiers possédant certaines 
propriétés. De ces trois théorémes qu'il a appelés A, B et C, nous utiliserons 
dans cette communication seulement le théoreéme A. Nous nous bornerons 
au cas ou les v, sont des polynomes f,(y,) a coefficients entiers dont le 
degré exact est k, 22; y, est un nombre naturel tel que |f,(y,)|<X, ot X 
désigne un entier quelconque supérieur 4a 2. (Dans une communication 
ultérieure nous nous proposons aussi d’étudier le cas ot les y, sont des 
nombres premiers.) 

Le théoréme A donne sous certaines conditions une valeur approximative 
du nombre L(t) de représentations du systéme ft sous la forme indiquée. 
Cette valeur approximative se présente comme un produit b Z(t) A(t) ot 
b ' est le nombre de systémes y= (y1,y2,.-.,7’m) de nombres rationnels 


n 
yn avec OSy, <1 tels que les nm nombres Y by, y, soient entiers. Pour 


pen 
définir A(t) nous remarquons qu'il existe une constante c, telle que pour 
tout nombre réel y, 2c,, chaque dérivée f; (n,) #0. Quand 7, parcourt 
toutes les valeurs supérieures ou égales a c;, le nombre v, = f,(y,) parcourt 
un intervalle j, et la correspondance entre un 7, 2c; et un v, de j, est 
biunivoque. 

Alors A(t) est la somme 


1 
STEN TERN 


étendue aux entiers v, de j,,...,u, de jn tels que l'on ait 


2 Date, (W212 m) mete | Ula==2 Nira eer) 


y=} 


1) VAN DER CORPUT, Propriétés additives, Acta arithmetica (sous presse). 
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Enfin Z(t), appelé par VAN DER CorPuT , facteur arithmétique’’, dépend 
du caractére arithmétique des nombres a 

On démontre aisément que I'hypothése E figurant dans le théoréme A 
est vérifiée. 

Pour certaines applications il est nécessaire de soumettre le facteur 
arithmétique 4 un examen plus détaillé. C’est l'objet du § 3 dai A VAN DER 
Corput. Mais avant de pouvoir appliquer le résultat du § 3, il faut 
démontrer que, dans certaines conditions, le nombre de solutions de deux 
certains systémes n'est pas trop grand. Soit J un nombre naturel inférieur 


an et soit N le nombre de solutions 2) y;, wsU)> Zins. 2) du Systeme: 
Ss ba Afi (Yi) (2a) ) (w= 1,2,...,m)) m 
hls, |e NEe -CEH1L2 0 \ 


Pour pouvoir appliquer le théoréme A, il est nécessaire de démontrer 
pour tout nombre positif fixe « que 


1 
pee te Te 
Necro) 
Dans cette communication les lettres C désignent toujours des constantes 
convenables dépendantes de ¢, mais indépendantes de X. 
En outre on a besoin d’une borne supérieure analogue pour le nombre N* 
de solutions du systéme: 


2% ie (20) (= 12 ee 


A=1+ 


Aw )IEX [i elEX G=tti...n—) 


a savoir 


eal 1 
2 AR 6 ) m4 = 


N= Gen kn 5d oh Sees. (5) 


Le § 2, di a PISOT est entiérement consacré au probléme de trouver des 
conditions suffisantes pour que l'inégalité (3) soit vérifiée. PisOT a trouvé 
deux résultats différents; nous parlerons d’abord de l'un de ces résultats. 

Soit s(k) un nombre naturel tel que le systéme 


s gee ee) a0 | 


te oe ee ae 2} 


posséde au plus Cz xe solutions pour chaque 2 (1 <2S/) tel que 


le degré de f, soit exactement k. 


2) Dans cette communication une solution veut toujours dire un systéme de nombres 
naturels vérifiant le systeme de relations en question. 
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Nous démontrerons que 2*-! est une valeur possible pour s(k). Mais 
comme on le sait il est possible de prendre pour s(k) une valeur beaucoup 
plus petite, si k est assez grand. 

Supposons que l’on puisse partager la matrice 


bin + . + . . . . b, 1 
Deni + + . : : . + ben 
en matrices partielles de rang m chacune, sans colonne commune deux a 
deux et supposons que dans chacune de ces matrices partielles les 
polynomes aient tous un méme degré dit ,,associé”’ a la matrice partielle. 
Soit y(k) le nombre des matrices partielles pour lesquelles le degré associé 


est égal a k. 
Une condition suffisante pour que l’inégalité (3) soit vérifiée est 


.y(k) — 
2g 


ou » est étendu aux nombres k figurant comme degré dans au moins un 


pornos he (Acee dy cael) 

Cette condition a pour les petites valeurs de k le désavantage que le 
nombre / qui y figure doit étre pris assez grand, 4 savoir / > 2*—! m dans le 
cas particulier ot tous les polynomes sont de méme degré k; de sorte 
qu'alors le nombre n figurant dans (1) est 22* m + 1. C’est pourquoi nous 
démontrerons aussi un autre théoréme ot / peut prendre une valeur un peu 
plus petite, a savoir 12 (2*-!—1)m+ 1. Cette condition a par contre 
le désavantage que nous devons supposer que tous les polynomes soient 
de méme degré k, de plus elle a l'inconvénient d’étre plus difficile 4 énoncer 
que la précédente. Cette condition exige d’ailleurs aussi qu’un certain 
nombre de déterminants de la matrice B ne soient pas nuls. 

Pour indiquer les déterminants dont il s’agit, nous allons définir certains 
ensembles E£,, (r) ou r est l'une des valeurs 1, 2, ..., k. Soit E un ensemble 
de systémes d’entiers (71, vg, ..., v,), E’ un ensemble de systémes d’entiers 
(71, %2,..., ¥» ). Nous désignerons par EE’ l'ensemble de tous les systémes 
de la forme (74, v9, ..., va, v1, ¥9,..., %), et par E+ EF’ l'ensemble des 
systemes appartenant a au moins l'un des ensembles E ou E’. 

E,,(r) est un ensemble de systémes (v7, %, ..., »m) de m entiers 
V1, V2, ..-, Vm Aéfini de la maniére récurrente suivante: 

Pour 1<r<k, E,(r) désignera tout ensemble formé par 2! entiers 
différents. 

Pour m22, r=1, E,, (1) désignera tout ensemble de la forme 


Fag 2)E (k== 1)" ot pancun s entiermede F,(2) ne figure dans 
Es; (k—1). 
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Pom na 2 2ersk, BE -tr) désignera tout ensemble de la forme 
Ey (r—1)E,,_,(k) + E,, (r—1) ot aucun entier de E,(r—1) ne figure ni 
dats a (ke) nivdans f(r 1). 

Soit 


bee med sipk == Srey =m si k=2 . & .- (7) 


Supposons qu'il existe un ensemble E,, (k) tel que pour chaque systeme 
(71, ¥2, ...,%m) de cet ensemble les entiers v1, vo, ..., 7 soient tous 
inférieurs ou égaux a / et que le déterminant 


Cie by, S15) phen Bis, 
D (», i = = boy, bp V9 ae OU bo Vn (8) 
| 6S Wy be Mi Dash as (6). Ve 


ne s'annule pas. 

Le § 2 contient la démonstration que cette condition est suffisante pour 
que l’'inégalité (3) soit vérifi¢ée. Comme nous le verrons, A tout nombre 1 
vérifiant (7) correspond au moins une matrice B pour laquelle cette 
condition est vérifiée. 

Supposons maintenant que les inégalités (3) et (5) soient vérifiées. 
Dans ce cas nous pouvons appliquer le théoréme fondamental A qui nous 
apprend que le facteur arithmétique Z(t) peut étre écrit comme un produit 
infini IJ Q(p,t), étendu a tous les nombres premiers p, qui converge 


P 
absolument et uniformément par rapport a fy, to, ..., fm, et qu'il existe deux 
nombres positifs fixes cy et w tels que 


De ein ceo eh (9) 
S'il est impossible de trouver n entiers v1, vy, ..., v, tels que 
2 Din Cr, (ea = eae eha e aas ene a 20 HS) 
il est clair que le systéme 
g bee el en) oe) 


n'est pas résoluble. Ceci est aussi le cas s'il existe une puissance p” d'un 
nombre premier p telle que le systéme 


E bur fe (yo) = ta (mod. p*) (w= 1,...., Fe ae) 
v= 


ne posséde aucune solution. 
Supposons donc dorénavant qu'il existe n entiers v, avec (10) et que le 
systéme de congruences (12) soit résoluble pour chaque puissance f d'un 
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nombre premier quelconque p. Sans nuire a la généralité nous pouvons 
supposer que le coefficient du terme de plus haut degré de f,(y,) 
soit positif. 

Distinguons maintenant deux cas. 

I. Supposons que le systéme de relations 


n 


Dian ty = Oe ae I eet) it, OU ee eee) 
vl 
posséde n—~m solutions linéairement indépendantes. Dans ce cas on peut 
prendre les entiers fixes t,, to, ..., fm arbitrairement, sous la condition que 
les systémes (10) et (12) soient résolubles. I] suit du résultat général 
trouvé par VAN DER CorputT dans l'article cité au renvoi !) que le facteur 
arithmétique est dans ce cas compris entre deux nombres positifs indépen- 


dants de X. 


1 
aE 


1 
SS : 
Le nombre A(t) est de l’ordre de X* “~'n . Il résulte donc de 
1 
P Aa PINOT EL 3 
l'inégalité (9) que L(t) est aussi de l’ordre de X* ky et croit 
indéfiniment avec X. Nous avons ainsi démontré le théoréme suivant: 


Théoréme I: Supposons vérifiées les inégalités (3) et (5) pour tout 
nombre positif fixe «. Supposons que le systéme (13) posséde n—m 
solutions linéairement indépendantes. 

Chaque systéme t pour lequel (10) et (12) sont résolubles, p* étant 
une puissance quelconque d'un nombre premier p arbitraire, peut étre écrit 
d'une infinité de maniéres sous la forme (11) ou yj, ..., y, désignent des 
nombres naturels. 


II. Le cas ot on ne sait pas si le systéme (13) posséde n—m solutions 
linéairement indépendantes est plus difficile, puisqu’alors les nombres 
t,, ..., f, ne peuvent peut-étre pas étre choisis fixes. Pour ce cas Je résultat 
du § 3 est nécessaire. Dans ce § 3 nous nous bornons aux systémes ¢ tels 
que (12) posséde pour chaque nombre premier p et pour tout nombre 
naturel £ au moins une solution y= (yj, .,..,y,) a laquelle correspondent m 
nombres naturels différents 14, ..., v, tous <n, avec la propriété que le 
déterminant (8) ne s’annule pas et que chacune des m dérivées f,'(y,) 
(yv=71, ..., ¥m) soit divisible par ¢ facteurs p au plus, ot £ ne dépend ni de 
A, ni de f,, ..., ni de t,. Nous supposons en outre gqu’au systéme ¢ peuvent 
etre associés n entiers v, avec (10). Nous montrerons alors que le facteur 
arithmétigue est compris entre deux nombres positifs indépendants de X 
etsde (ya en tn 


Nous ne pouvons pas nous attendre dans ce cas a trouver toujours pour 


1 1 
r agents =u 
Ait) VordretdeX" "Fw wean contraire, l’ordre de A(t) dépend de 
Yordre de grandeur des entiers X, t;, ..., t,. Nous pouvons cependant 
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choisir ces nombres de facon que A(t) posséde effectivement l'ordre 
indiqué. Supposons remplie l'inégalité moins exigeante 


1 


1 x 
ADE CH Be I etd) 


guel que soit le nombre positif fixe «. Dans ce cas il résulte de (9) que 


L(t) est du méme ordre que A(t), donc positif, et que l’on obtient le 
résultat suivant: 


Théoréme II: Supposons vérifiées les inégalités (3), (5) et (14) pour 
tout nombre positif ¢; supposons que (10) soit résoluble et que le systéme 
(12) posséde pour chaque nombre premier p et pour tout nombre naturel p 
au moins une solution y= (y1,...,y,) a laquelle correspondent m nombres 
naturels différents v4, ..., ¥m, tous Sn, avec la propriété que le déterminant 
(8) ne s‘annule pas et que chacune des m dérivées f, (y,) (v==14..-..¥'m) 
soit divisible par ¢ facteurs p au plus, ¢ étant indépendant de X, f4,..., tm. 

Si X est assez grand, le systéme t considéré peut étre écrit sous la forme 
(11), oa y4, ..., y, désignent des nombres naturels. 


Remargue: Le théoréme de WARING que tout nombre assez grand est 
la somme de n puissances k*™s, ot n est un nombre naturel dépendant 
uniquement de k, est un cas trés particulier du théoréme I, si nous pouvons 
démontrer que la congruence 


n—1 


est résoluble si n est assez grand. Cette démonstration se fait en quelques 
lignes 3). 


§ 2. Démonstration de linégalité (3). 


Dans ce paragraphe nous cherchons la borne supérieure (3) pour le 
nombre WN de solutions du systéme (2). 


Posons 
Sa = DT e2tiley by, +2 ba4 +... +0, ba) Fa (ya) 
vA 
ou » est étendu aux entiers positifs y; tels que| f(y.) | SX; a1, ag, --+.%m 


oA 
sont des variables réelles et nous posons da; day ... da, da. 
Il est immédiat que 


1 1 1 
Naf f...[18i.SiPda 1... 05) 
k 0 ‘0 0 


3) E, LANDAU, Vorlesungen tiber Zahlentheorie, T 1 (1927), p. 290. 
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Lemme 1: Le nombre N** de solutions (yy, 24, «.-» Yi—1» Zits Yaris 


-,y1, 21) du systéme obtenu en supprimant la colonne d’indice A 
eZ 


dans le systéme (2) vérifie linégalité N <cz Xi, N**, cs étant un nombre 
indépendant de X. 

Le lemme 1 résulte de la formule (15) en remarquant qu'il existe une 

1 

constante cy telle que |S, |<c4 X*. 

Le lemme | montre que, si l’inégalité (3) est démontrée pour une certaine 
valeur de /, elle l’est pour toutes les valeurs de / plus grandes. 

Démontrons d’abord que la condition (6), énoncée dans I'introduction, est 
suffisante pour que l’inégalité (3) soit vérifiée. Le lemme 1 nous permet 
de nous placer dans le cas ot les matrices partielles de rang m de la 
matrice B ont toutes m colonnes. Désignons par ®, le produit des m 
quantités S, ot 1 parcourt les indices des colonnes de la hi*™* matrice carrée 
partielle et soit WY; le produit des y(k) quantités @, ot A correspond aux 
matrices partielles dont le degré associé est k>-Alors 


Zh+iy ++ 


1 il 1 


N= {... {| % Pda, 
e ev a k 


0 oO 0 


\ 


ou le produit [7 est étendu aux valeurs de k associées a au moins une des 
k 


matrices partielles. 
En vertu des hypothéses il correspond a chacune de ces valeurs k un 
nombre m(k) = s(k) avec 


=a), 


» Wk) 
ae (k) 


L'inégalité de SCHWARZ généralisée donne alors: 


i fl 1 w (rk) 
’ 2 m(k) m(k) , 
nen({ f...fimirede) ese onto} 
: 0 “o 0) 


D'aprés la définition de Y% on a 


Pr, 


[Pel 2] Ov nee aren 


Ces formules montrent qu'il suffit de connaitre une borne supérieure 
convenable du nombre 


il 1 1 


[ffl ee Pam do 


(00) 0 


pour toutes les valeurs de h qui entrent en considération. Comme 
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m(k) 2 s(k) nous pouvons nous contenter de chercher une borne supérieure 
convenable du nombre 


1 1 1 
N= ff... [| O%pr@de. 
0 ‘9 0 


Ce nombre N’ est le nombre de solutions d’un systéme dont la matrice des 
coefficients 


@lailonolam Geilodatthmooaass Amle  «'Omm 


se compose de s(k) matrices carrées de rang m toutes égales a la hiéme 
matrice partielle de B. Le déterminant 


Ai; +-++Alm 


Qial » s<- CG wan 


n'est pas nul par hypothése, car c'est le déterminant de la him? matrice 
carrée partielle de B. I] existe donc m? entiers C,, (0 = 1, 2, ..., m; 
u=—1, 2, ..., m), dont le déterminant n’est pas nul, tels que l'on ait 


Aor = Cot air + Cor aor +. Moe sao mel nes Uae lee eae fT) 

avec 
aoe aia 0 Si p== 7 et as, == Orel 0 >t. 
Posons 
apy = apr Si? == modem), 
Toute solution du systéme considéré (dont le nombre de solutions est N’) 
est alors aussi solution du systéme suivant: 
Ps ms(k) . 

Saez (fi (ys) — fi (2)) = 0 (o=1,2,...,m){ 

4%=1 oe + (18) 

lA(y.)|=xX, |filz)|=X en aco 


2 étant l'indice de la colonne de la hié™* matrice partielle pour laquelle 
on a 1 = x (mod m). 
Si N” est le nombre de solutions du systéme (18) on a donc N’<N”. 
Or les valeurs des coefficients a,, montrent que le systéme (18) se 
décompose en m systémes 


s(k) 
| ee = ae / 


o=1 
| f(y-)|=X, 
Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLII, 1939. 24 


A) ees eat) 
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pour les m valeurs des indices 2 des colonnes de la h'*™* matrice partielle 


de B. 


En vertu de la définition de s(k) on a alors: 


ss ms(k)—m+2 


- 2 3 ret! 
== s{k) =) 4- — 
Nv =(c, X* «) Cexe 
D'aprés N’<N” on a par conséquent 
ms (k)—m-+2 


2 
N’=C, X* 


Comme m(k) = s(k), on obtient 


ae - 
(iheabe: 
OO 0 


Enfin les formules (16) et (17) donnent 


mm(k)—m+é 


2 
cl Keen 1 Oro, Ge 


2 w (k) 2 w (k) w (k) 2 
) (m— 2) 


N=U(yQ\)C, XE EC, TX mw 
k k 


En tenant compte de la définition de m(k) et de ce que 


myp(k) 1 alg 
Pe ee Aga 


il vient: 


N=C se ig ees 


et nous avons démontré que l’inégalité (6) est suffisante pour que l'inégalité 
(3) soit vérifiée. 


Mathematics. — Zur Theorie der hypergeometrischen Funktionen. Von 
C. S. Meier. (Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of March 25, 1939.) 


§ 1. In der von z=—1 bis zoo langs der reellen Achse aufge- 
schnittenen z~Ebene gelten bekanntlich fiir die hypergeometrische Funktion 
2F’; (a, b; c; z} die Integraldarstellungen 


r ks 
ELIE [exsteerd bax Hearn (1—zu)~* (1—u)e-2! 2! au | . 


[R (c) > H (a) > 0] 


und 


ok ag ee I'(c) =a el i ) 
Fila bic I= ry rp | (I-28) (1—u) u auf 


0 


(2) 
[R (c) > HR (b) > 0}. 


Im Gegensatz zu den linken Seiten bekommen die rechten Seiten bei 
Verwechselung von a und 5b eine andere Gestalt. ERDELYI') aber hat 
neuerdings die folgende, beiderseits symmetrische Erweiterung von (1) 
und (2) abgeleitet 


GE 


1 \ 
ee (a, bye.7) == iTes ce (a, b; 0; zu) (1—u)-7"! u?—! au | 


Ie (3) 


0 


[Siic) = 3 (o) > O]. \ 


Es ist leicht einzusehen, dass (1) und (2) Spezialfalle von (3) sind; 
denn wegen 


5 Bat (Ae eh ei ee oe oy (4) 


geht (3) fiir o=a in (1), fiir o—b aber in (2) iiber. 
Ich habe eine andere Erweiterung von (1) und (2) konstruiert, namlich 


1 


2F (a, bs c; 2) = ce raf aa) 


 2F, (a—b, c—b; a + c—a—b; {—u) (1—n)* +21 gu. 


1) ERDELYI, [5], 203. 
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Hierin sind R(a) und K(b) > 0; a ist beliebig mit 
R(a + c—a—b) >0, a- 0, —1,—2,.... 
Die rechte Seite von (5) ist wegen 
»F, (4, #393; 1—a) =a"? ” FF. (v—p, vA v3 1—u). . . (6) 
symmetrisch in Bezug auf a und b. Setzt man a= 6, so findet man (1); 
fiir aa geht (5) infolge (4) in (2) tiber ’). 


Eine Verallgemeinerung von (5) ist %) 
1 


o ra) 2) ay 
Pile.bic d= FET p—e-HTETE) J MO hee 


(7) 


0 


X< >F, (a—b, B—b; a + B—a—b; 1—u) (l—u)*t-2-o! a2 du, 


In dieser Relation ist (a) >0O und KR(b)>0; a und f# sind beliebige 
Zahlen mit 


Rat pao 0) a Oh 1 oe ihe Aa eas 


erhalt man 


I’ (a—a) I'(a) 


0 


1 
gf qla, bc; 2) = aCe aNAGN ae (a bre; zu) la) du (3) 


Re) > Re) > 0} 


Diese Beziehung, die fiir ac in (1) tibergeht, kommt auch bei ERDELYI 
vor *). 
Eine sehr allgemeine Formel, die (3) und (7) als Sonderfalle enthalt, ist 


P(a) (9) | 
gk (a, 8; c; Zz) = 4 4’; (a, B, OSGeo Ce 
1 a Cc ) T'(a a5 66-7) I'(o) roJ a (& zu) (9) 


D< aah (a Us B ES @! I p Oo—T; 1—u) (=a)* t=) uy? du. 


Hierin sind a, B,o und 1 beliebig mit 
oH (asi. B01) On (6) iO u(r) 0 eee een 10) 
a0, 1 eee =e One er ec 


Formel (1) folgt aus (5), falls (a), R(b) und KR (c—a) > 0 sind; die Bedingung 


a) 
‘(b) > 0 kann aber sofort mit Hilfe von analytischen Fortsetzung beseitigt werden. Bei 
) geht es analog. 


cQ 


) Die rechte Seite von (7) ist wegen (6) eine symmetrische Funktion von a und b. 
*) ERDELYI, [6], 270, Formel (2.6). 


Chay f 


Resultat kommt zum Vorschein, wenn man p= ¢ Und. ta setzt. Wer 
Spezialfall mit 6—7 von (9) liefert 


1 
I(a a 
Saran pin (O,a Doreen) (la) a dis), (12) 


0 


Dea tO Co 2) a= 


Diese Beziehung, giiltig fiir beliebige Werte von a und o mit 
(a) > Ro) > 0, geht fiir a=c in (3) und fiir o=a in (8) iiber. 


Der Beweis von (9) geht wie folgt: Ist %(v—A—p)>0, so kann 
die hypergeometrische Funktion ,F, (4, u4:»;x) in eine fiir 0O=x=1 
gleichmassig konvergente Potenzreihe entwickelt werden. Ist iiberdies 


KR (vy) > 0 und R(e)>0, so darf man daher im Integral 


1 


| BEG (Ay eee) ee (Ma et cig 


0 


die Funktion ,F, entwicklen und gliedweise integrieren; man findet dann 


den Wert 


L'(v) I'(Q) 
l'(y +0) 


DP (v) P(e) Fe + e—A—p) 
EDL ENS se Sep OSE at 


Unter der Annahme °) 
Ro) > 0, Kio) >0, Ro+eA—p)>0... . (13) 


erhalt man also 


: ane = os Pv) P(e) Pe + 0e—4—p) 
2G wavs x) x (=x) oS dx Gena =a. Oat (14) 


0 


Geniigen a, 8,0 und +t den Bedingungen (10) und ist /=0, so gilt 
daher 


1 
[oF (a—t, B—t; a + P—o—1; 1—u) (1 eS ene cteg 


0 


_ Plat p—o— Po DTH) 
= rathTG+) 


5) Man vergl. auch Formel (7) der Arbeit [16]. 
6) Das Integral auf der linken Seite von (14) konvergiert, falls die Voraussetzungen 
(13) erfiillt sind; denn fiir x 1 hat man 


BE (Ay as sxc) O11) FO (hx PE), 
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Der Beweis von (9) erfolgt nun fiir |z| <1 durch Entwicklung der im 
Integranden auftretenden Funktion ,F3; (zu) und gliedweise Integration ; 
aus dem Prinzip der analytischen Fortsetzung ergibt sich dann, dass (9) 
giiltig ist in der von z=1 bis z= co aufgeschnittenen z-Ebene. 

Auf analoge Weise wie (9) findet man das allgemeinere Resultat: 

Geniigen a, f,o und t den Bedingungen (10) und (11), so ist 


1 
ayn so a re L'(a) I'(f) {i F @, By Qtr ese. dos | 
ry (: eee Ca; — P(a+B—o—t) Io) P(x) Se a O,T,Cir+++4Cqi Zu/ \ (15) 
0 


x .F; (a—t, B—t; a + B—o—z; 1—u) (1—u)*+ 8-7-7! a?! du. \ 


Ebenso beweist man: 
Sind die Voraussetzungen (10) erfiillt, so ist ’) 


(a = p—o—1) lo) LF) F aj eee Ap, 6,7} ) 
I'(a) I'(B) Ca as Clue Cag la pore. 


» (16) 


=[iF eee ) oF; ( eae \o aa ee 
eee Coie a+ p—o—t; 1—u 


Ist pas q-- 1 so. gelfenn (15) und" (1O)tineder-vone7 — Jebise2. 140 
aufgeschnittenen z-Ebene; fiir p=q ist z beliebig. 

Forme] (16) kommt auch zum Vorschein, wenn man in (15) p durch 
p-+- 2 und q durch q4- 2 ersetzt und tiberdies a4; 0, a,72==7, c, 1a 
und cj+2—/ setzt. Man findet (15), wenn man in (16) p durch p + 2 
und q durch q+ 2 ersetzt und ausserdem a,41= 4, ap42—= B, Cqti1 = 9 
und C,-2==" nimint, 


§ 2. Ich gebe jetzt einige Anwendungen von (16). 
1. Integraldarstellungen ftir My,m(z)M_xm(z). Das Produkt der 
WHITTAKERschen Funktionen My, (z) und M_;, (z) ist bekanntlich gleich °) 


Mm (Zz) M_«, m(z)=z'*?™ FB; (4-++-m+k, £+m—k;1+2m,4+m,1+m;42z?). 


*) Die linke Seite von (16) hat auch einen Sinn, falls a oder 6 — 0, —1, —2,....... 
ist. Es gilt z.B. 


1 Gh, 1 OTZ 
— mee CaaS 
F(a) (8) Ga e) T@re ’ Matirern 


4 o(o +1) (r+ 1) 2? a 
2EC (Cel yl (Get 2) re (oe) eee 
8) MEIJER, [13], Formeln (9) und (2). 
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Hieraus und aus (16) geht hervor, falls (4+ m+k)>0 ist, 


' 
— zitemPatmr(i+m £ 
ie ee ae [oF Gop oe |] 
: 5 foc: ie Ta (17) 
oF) (k, $ +k; 4; 1—u) (1—u)-? ut +k a 
und 
' 
= gi tee Te 2m) : of | 
Mm (2) M—t,m (2) = qreare a iar as See aga! (18) 
0 
x 2F, (4 +h, $+ m+k; 1 +m; 1—na) (1 se 
Nun ist °) 


of (lose 0) S27 oP + ») LC), 


wo I, (¢) die BESSELsche Funktion imaginaren Argumentes bezeichnet. 
Ferner hat man !°) 


F, (k, + +k; 4; tgh? t) sech?* t= cosh 2k t 
und !!) 
oF, (4+tkt+m+k;1+m;tgh?4=TS (1m) tgh-” tcosh?*! ¢ P.“; (cosh 2 #); 


hierin bedeutet P\ (¢) die zugeordnete LEGENDREsche Funktion erster Art. 
Setzt man nun u=sech?t in (17) und (18), so findet man also '”) 


2z1?(1+2m) 
PE+m+k) ls + m—k 


Mim (2) M1, (=F fs Inn (zsech#)cosh 2kt secht dt (19) 


und 


My. m (Z) Mk, m (Zz) = 


Qambh gmt [2 (1+ 2m) | 
rgtm+h rtm—b| 


be (20) 
x [Int (z sech ¢) Py; (cosh 2) sinh" +! ¢ cosh-?"~" ¢ dt. \ 


Formel (19) war schon bekannt ')). 


9) WATSON, [18], 77, Formel (2). 

10) Gauss, [7], 127, Formel (XXII). 

11) Hopson, [8], 210, Formel (41). 

12) Ich benutze die Beziehung (4 + m)I(1 4m) = 27" Vn F(1+2m). 
13) MEIER, [15]. 
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2. Integraldarstellungen fiir die Funktion sy,» (z). Ist wtovF re 
— 3, —5,..+, so wird die LOMMELsche Funktion s,,» (z) definiert durch") 


zea ean yreesised 
= F,(1;$+44+4»,$+54—$73 42). 
Su, (z) (1 uty)(1+p—)? 2( s+oe 2 


Setzt man nun zur Abkiirzung 


ur . Su,v (z) = ~, : Peak (21) 
( 


ie (eo Day co. eT 1 1 2 
ror) Grea Epa ee ee ae oe 
und diese Funktion hat auch einen Sinn fiir w~+ v= —1, —3, —5.,.... 1) 


Nun folgt aus (16), mit p—0, q—=1 und c, =o angewendet, falls 
a, p,o und t den Bedingungen (10) geniigen, 


1 ee S 
T'(a) I'(B) Fates a Bs ane + p—o—t) I'(o) T(x) | 


s (23) 
x | ol (6; wu). 2P, (on pneh onl arate 
0 


Ich brauche ferner die bekannten Relationen 


of ($;—40)Scosl, oF, ($:—-+0)=C sing . . (24) 
und 
gba (Use Pg) 2 Eee) Ae) agen 23) 


Schliesslich benutze ich noch die fiir 0< » < 4a giiltige Beziehungen !°) 


14) WATSON, [18], 346. 
| 45) Man vergl. Fussnote 7). 


16) Fir —1<x< 1 wird die LEGENDREsche Funktion P™ (x) gewohnlich definiert 
durch (HOBSON, [8], 227) 


eee. Mel 1+x\?" eM agin ee 
Pr) Se 2F, (1 +n, —n; 1—m; 4—4 x). 


Setzt man hierin x — cos 2 und benutzt man (6), so findet man (28). Relation (26) 
folgt mit Hilfe von (KUMMER, [9], 78, Formel (57)) 


2F, (2a,2b;4+a+b;)=,F, 'a,b;4+a+ 6; 4t(1—#)} 


aus (28) (mit }@ statt ~ angewendet), Die Anwendung von (6) auf (26) liefert (27). 
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Fi (s —+m+in,—4m—tn;) m; sin? p)=2-" I" (1 —m)sin™y P® (cos@)j"50- (26) 
af, (1—4m+in,4—Lm—tn; 1—m; sin? p)=2-" T'(1 —m) sin™ p cos—! » P” (cosp) (27) 
und , 
2F, (l—m + n, —m—n; 1—m; sin? y) = I’(1—m) sin" p cos" p Px (cos2 9). . . (28) 
Ich) wende nim (23) (mit r==1, a= 3-14 , P= st ee 
w——iz? und u—cos?¢) fiinfmal an, sae ito = = 3, 


o=1+h, o=$+4y und o=1+4 4. Mit Riicksicht auf . 2), (24), 
(25), (26), (27) und (28) finde ich dann 1”) 


ix 


Pies Sa 
Vane eal eee x | cos (z cos y) P>** (cos p) sin" +’ pdp, (29) 
0 
Qu} » 2” 
[ary sl 4) Wes { sin (z cos p) P"“*? (cos p) sin"*!p dy, . (30) 
JU a 
0 
Biglz) 2 eeezt ee fh (z cos ¢) Pr3* (cos 2¢) sini“+! pcosydy, (31) 
0 
Tuy (Ze 2)" 


2 fhe (z cos 7) | Paes 


< {Pi ? (cos 2¢) + P*4}" (cos2¢)} sini“tigdp 1), 


1 
g 


Vy; Tuy (z) == D2 t— ls gilt 4s | 5 ae (z cos 7) 


0 
xi ty Pie” ~ (cos 2 m)—(1l—» + pw) P_ i “4 (cos 2 ¢)} sin?"+* p dp. 


Diese Integraldarstellungen scheinen noch nicht angegeben worden zu 
sein; entsprechende Beziehungen fiir die LOMMELsche Funktion S,,, (z) 
waren aber schon bekannt '°). Die Spezialfalle mit »—u—2,4,6,.... 


von (29) kommen mit ganz anderen Bezeichnungen bei SZYMANSKI VOL) 
Formel (30) mit ~=¥y war auch bekannt”’). 


- Die ep eas worunter diese Beziehungen gelten, sind: Sh (n) >— # in (29), 

eg) sb io ek (ne — 2 in (il) und 3h (7) = 1) in (32) und im (33): 

18) © Bei der ee von (32) und (33) benutze ich noch die Formeln (13) bezw. 
(14) meiner Arbeit [14]. 

19) MEIJER, [14]. 

20) SZYMANSKI, [17], 76, Formel (4). 


21) WATSON, [18], 328, Formel (1); SZYMANSKI, [17], 82, Formel (4). 
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Nun gilt bekanntlich ?7) 


at, (Ay == Ase Sin?) = COs: 2 ee) 
und 
; Aran __ sin 2 A@ 
Fug pA 4; US 
Hieraus und aus (26) geht hervor 
2 
P® (cos y) = ye eos Visa 
sin? p 
und 
2 sin ( a 
(n+) Pr (cos) = |/ 2 0 
Aus (29) mit «=—1 bezw. u—0 ergibt sich somit 
ari 
seat) 4 Nee aa | €5 (zcOs p) cos vm dg. =) (35) 
(0) 
und 
WTy az) e= — { cos(zcosy)sinvmsingdg. . . . (36) 
7 


Auf analoge Weise folgt aus (30) mit «=0 bezw. u=1 


fon 2) = | sin(Z:cOs @)icos vdg ) eens. pene) 


und 


PAD ey 2) = fs (zcos)sinvpsingdp. . . . (38) 
0 


Die Beziehungen (35) und (38) kommen auch zum Vorschein, wenn 
man “—=—I1 bezw. w=—1 setzt in (31) 73). Nimmt man » =O in (32) 
und in (33), so findet man (37) bezw. (36). 

(35) und (37) waren schon bekannt 74), 


22) GAuss, [7], 127, Formeln (XX) und (XVI); siehe auch MACROBERT, [10], 633. 


eee Ce e) Cos I; M=(, al sin ¢, 


4) WarTSson, [18], 310, Formeln ( (15) und (16). 
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3. Integraldarstellungen ftir J,,(z) J,(z). Dieses Produkt ist gleich ?°) 


20 Be ee eS Gre ama te ore 
NT Raney eee eee 


Hieraus und aus (16) folgt, falls (a+) > —1 ist, 


i 


i | ae 1+ u+v;—z? 
Val +eut+s epee ae 
0 


2" z uty 


Ju(z) fr (z)= 


XP (Fw £v,yv—tyu; Ft; 1—a) (1—a)-? uit?’ -? du. 


Setzt man nun noch u= cos’, so erhalt man mit Riicksicht auf (25) 


und (34) 


tx 


Vio e) =f int » (2 z cos ¢) cos (u—v) dy; 


diese Beziehung ist schon lange bekannt 7°). 
Auf analoge Weise findet man mit Hilfe von (25) und (26), falls 
R (wu) > —4 und R(u+yr) > —1 ist, 


ia 


rea J, (2z cos y) P#~4 (cos 7) sin“** p cos" p do. 


Qu +4 ae 


Juz) fr (= 


Diese Integraldarstellung ist meines Wissens noch nicht gegeben worden; 
entsprechende Formeln fiir die Produkte K,,(z) K,(z), HY (z) H(z), 
HY? (z) H!?(z) und K,.(z) I,(z) waren aber schon bekannt ”/). 

INiswnat man -wegent(16), mittp —=laq== 24-3, == 1, ==) cj—-c 
und c,=d angewendet, falls St (b —o —1) >—1, R(o) > 0 und K (7) > 0 ist, 


212 Or: e a a 
TaD a (, eedaz) 0 (Lab 01) 1 (a) T(z) 


1 
X [iFa(liedizu). oF (In bol +6 o—t; l—u) (1—u)’-7~* udu. 


Aus dieser Beziehung (mit u cos?) und (39) folgt mittels (22) und 
(34), falls St (2--y) > —1 ist, 


4a 


Sie (2z cos py) cos(u +») pdy, . (40) 


0 


23 --¥ 


U 


Ju (2) Jv (2) = 


wo oe (z) die durch (21) definierte Funktion bezeichnet. 


25) WATSON, [18], 147. 
26) WATSON, [18], 150. 
27) MEIJER, [11], §§ 4 und 5; [12], Formel (63). 


364 


In ahnlicher Weise findet man mit Hilfe von (22) und (26), falls 
Sia) <a t undy (=v) — I ast, 


1 
5% 


Oi ale Ge 


52) — | CD yaw (22CO3 P) Eee) (cos¢)sin? “pcos “pd. . (41) 


a 


Die Relationen (40) und (41) scheinen neu zu sein. 


4. Die GEGENBAUERsche Integraldarstellung der BESSELschen Funktion. 


Diese Integraldarstellung lautet wie folgt 7°) 
1 


an piste y i aa 
ee al alae fe cr(gu—ey ae; . (42) 
[Ya D'(4 +) ee a 
hierin= ist (0) == == Oe 2°) und C,(t) bezeichnet den 


Koeffizienten von x" in der Entwicklung von (1—2tx-+ x’)-” nach 
steigenden Potenzen von x. 

Ich werde zeigen, dass (42) ein Spezialfall von (16) ist. Man hat 
namlich *°) 


ree ee ee 


Die rechte Seite von (42) ist also gleich (ich setze t= 1—2u) 


1 


fn 2 DD ive i ; 
a (2z)’e | e724 0B, (—n, 2v-+n;4+ 4; 1—n) (1—a) uw’ du. 
0 


[a l(k +9) 


Dieser Ausdruck geht mit Hilfe von (16) iiber in 


in(2z) e= Ph +») 
% ee ee eee eee 
la Penile lean) 7 ate eae n -+2y+n iz) 


B22) pereae I'(s + » + h) (—2iz) 


[Vn tan P(YI—n +A) + 2v +n +h) 
B22 ee rey | n) 


4 ae) 


iF, (§ +»-+-n;1+2»+2n; —2iz) 
es gy rn elz 
~— 2rte (1 + y+ n) 


Die rechte Seite dieser Beziehung ist gleich?!) J,,,(z), womit (42) aus 
(16) abgeleitet ist. 


iF, (F+tvytn;1+2v4+2n;- 202), 


28) WATSON, [18], 50. 


ih 1h 
Ist y —0, so nimmt man auch n—0, also mm (2y + h) = 1. 


30) APPELL-KAMPE DE FERIET, [1], 390. 
31) Watson, [18], 191. 
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§ 3. Ich werde jetzt die folgende Hilfsformel beweisen 


P(A) &4 ne 

ee Te: ae 
aa ae t= dti=2nt— aig Sa A) 
UT (us) i la a (Is) HP 9 

= i" 


hierbei wird 
at OG Rees 4, 0, —1,—2,.+. und R(4,—s)>0 (h=1,..., n) 
vorausgesetzt. 


Isto 0 larg.z|=—osuund A, 0-2, so gilt namlich nach 
der BaRNESschen Theorie der hypergeometrischen Funktionen 


II I (an) Ort I'(s) WT P'(a,—s) 

ee) Soa = __(/a)-+ ds; (44) 

iP fie w 9 fin 13-0} 2 271 n—1 ; 
oe) ee a 


hierin ist t beliebig und der Integrationsweg lasst die Pole von I'(s) 
zur Linken und von II I"(4,—s) zur Rechten. 

Ist Min IR (a)}>0, so Eanbuiren jeden Gerade te) =< mt 
0<r< Min enti) eatelintea:acionswcakwanied <Ulcherdies dark man 


dann auf (44) die MELLINsche Umkehrformel *?) anwenden; das Resultat 
wird fiir O< R(s)< Min j{#(A,)} und |argz|)<a 
h=1, 010552 


AE ee ee ZG) aie ho) 
Peg eo os 
I V'(us) a ae ca TD (is—s) 


Diese Beziehung gilt offenbar auch fiir argz—-+2, wofern der 
Integrationsweg im Falle argz—a den Punkt v—-— z durch einen 
oberhalb, im Falle arg z—— 2 aber durch einen unterhalb der reellen 


Achse liegenden Halbkreis vermeidet. 
Setzt man nun z—e* bezw. ze! in (45) und subtrahiert man 


die so gefundenen Beziehungen, so erhalt man 
wr.) 2 ) ee 
fie ee Ee te tiees ny ) v-! dv 


[BEVERY [a Md lis VA 
(e° 7! ei) P'(s) I I’ (4y—s) II I'(4,—s) 
al = es a n—1 ; 
IT I'(un,—s) PIs) PE (ua—s) 
a = 


32) COURANT-HILBERT, [3], 90—91. 
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Da der Punkt vO nicht mehr auf dem Integrationswege liegt, gilt 
diese Formel fiir Min ‘it (4,—s) > 0. 
h=1,...,n 


Ersetzt man nun noch v durch 1/u, so findet man (43). 


§ 4. Die in § 1 gefundenen Beziehungen (15) und (16) sind erweite- 
rungsfahig. Fir n=1, 2,3,... gilt namlich *’) 


Che On er ho eee 
Fa ( a : Veo nee (L'(on) Ol + o,—ay)| 


a a a | a 1 (OP 510 i ( 
: +o,—a,,...,1+ ; 
x { F ( Oyyrees RIOR SESS }. aes ( i es 2 du; 
ptn4 qtn 7 
10) 


i Linney Cae 1a aie 1-+a,—a,;1/u 
0 


hierin sind a, und o, beliebig mit 


K (on) > 0, a, #0, —1, —2,..., 1 + 06,—a,;0,—1, —2,... (h=1,...,n). 


Ferner hat man, gleichfalls fiir n—1, 2,3,..., falls 8 (o,) >0 und 


1+o6,—a, #0, —1,—2,... (h=1,..., fn) ist.2%); 
IT I’ (o;) F(1i + 6,—a,) 
2ni- = aeltee ( ah rs ue \=" wee 
P n n n 
IT I (a,) Cyr e+ + 4 Cg, Ay,-+6+, An; Z IT F(i + a,—a,) 
k=! h=!t 
(47) 
(i) 


5 aie as 1+ 6,—a,,...,1 +6,—a,; 
x< Ee I» Pp ) oF ( 1 1» oe n 2 Jer du: 
Cita Ganz 1 --a,—a,,...,1-+a,—a,; 1/u 
0 


Der Beweis von (46) und (47) geht durch Entwicklung der Funktionen 
F(zu) und gliedweise Integration, wobei die aus (43) folgende Formel 


ay 


r(ito—a,) 0 1 


WIA Ge ah 
= Gres ( Lap Oy == Gye: Gn =O Jer du=2ni St a 
Hd (2 aoe ( las 0,5.91-1-0,——e,: 1G H Ta, 0y 
i =| 


angewendet werden muss. 
Es wird sich zeigen, dass (46) und (47) mit n—=2 nach einiger Trans- 
formation in (15) bezw. (16) iibergehen. 


Ich werde aber erst die 
Spezialfalle mit n= 1 untersuchen. Wegen 


1, (1 + o—a; Lia) (1—L/a)-! = (u—1)*-7-} yrti—« 


Ist p= q- 1, so ist die z-Ebene von z= 1 bis z =o aufgeschnitten. 
Man vergl. Fussnote 7), 
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liefert (46) mit n=1, a, =a und o, =o 


Balai fe ep. Ye ROEM a, 
BED ec ed aaa er Gi = | 
(1+) (48) 
x f oFes (Grea catt as dps O,. Cis sy Case a) (a— 1)" "du; \ 
0 
Der entsprechende Spezialfall von (47) ergibt 
SM 
Dai Ti otiF en (avaues any Os Cites Canasz) | 
(1+) (49) 


af? (1 oe oa) | oF, (@ieas ao Cra aS Cai zu) (a— 1) 1 a da. | 


Die Relationen (48) und (49) waren schon bekannt 39). 

Ichinehme nun) 72==2 in (46), ich setze a, —«, a,=—f, o, =o und 
6,—t und benutze die Beziehung **) 
(1 + o—a) '(1 + 1—2a) ae a,1+1—a; 

apc) 1 + P—a; 1Ju 
= Tita -o at (ca) (a bee lee F 1 + o—a, 1 +o—/; 
T (B—e) I (p—2) ee eas 
2+0+1—a—f; 1—u 


+ I(1 + 6+ t—a—B) u'*?-* (u—1)*+ 7-771 F, ( atest ); 


a + B—o—t; 1—u 
wegen ?’) 
(1+) 
Lf e2B a (24) nL ( a aes ) i dia () 
' 2-+ o -+1—a—p; 1—u 


geht (46) mit n =2 also in 
(1+) 
ea fe (Sh | 
eer. ce 2 2%i I"(o) I'(x) Stas er ae Cjyes0Cqs 207 \ (50) 
0 
x 2F, (a—t, B—t; a + B—o—rt; 1—u) (a—1)**48-7 171 | da | 


iiber. Ist (a +f—o—rz) >0, so kann diese Relation auf dem iiblichen 
Wege auf (15) zuriickgefiihrt werden, womit dann (15) aus (46) abge- 


leitet ist. 
Auf analoge Weise folgt (16) aus (47) mit n= 2. 


85) ie vergl. (12); siehe auch ERDELYI, [6]. 
36) BARNES, [2], 152, Formel (IX). 
37) Der Integrand ist analytisch innerhalb des Integrationsweges. 
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Ist n=2, so gilt fiir die auf der rechten Seite von (46) vorkommende 
Funktion ,f,-:(1/u) in der Umgebung der singularen Stelle u—1 die 
Entwicklung 


i (4 ra! 126, — ce ee or 
= ———— = Fai ( st ; ) 


a rm ie aan ar ame of 14 ae ae (51 


= &(1—u) + P(1 + 6,+...+6,—@;—...— aq) E(u — 1) no I pei a0 


die Potenzreihen ®(v) und Y(v) sind fiir n >2 keine hypergeometrische 
Reihen, sondern Reihen mit sehr kompliziert gebauten Koeffizienten, die 
ich hier nicht angeben werde *°). 

Setzt man nun die Entwicklung (51) in (46) ein, so findet man, gleich 
wie soeben fiir n= 2, 


és (1 +o, +...+6,—a,—...~—a,) I I (aq) 

ay »Gap, \ h=1 

Fel ) 

2 S67 2ni I I'(on) 
h=1 
(1+) 
i es jae sees Any Ajy+++5 Ap; i Oy—...—o pn Vy 1 du; 
phn Ginoosy Gas BU 


diese Beziehung ist eine Erweiterung von (50). 


§ 5. Die in den Paragraphen 1 und 4 bewiesenen Relationen erinnern 
in gewissen Hinsichten an die Beziehungen, die ich neuerdings in meiner 
Arbeit iiber die KUMMERsche Funktion *’) abgeleitet habe. Das dort 
gefundene Resultat kann auf verschiedene Weisen erweitert werden. 
Auf dieselbe Weise wie damals Formel (8) beweist man z.B. die etwas 
allgemeinere, fiir $i (a) > 0 giiltige Formel 


(0+,z+) 
ae i a,p,a+A; 1—A, o—A,1—A,; 
Fi (a3.bs 2) << F ey si wd 
T'(b)! 1 (a; 5; z) af ACen 3 (are a: u, 


worin 


eet (6) Eas) Pd eS yr ed) 
22i I'(o) I(t) (b+) F(a —A) (Bp —A) 


Hierin sind a, 6, 0,7 und 2 beliebig mit 


MG—2)i5 0, hip) 0) a5-0/ 1) ee = een 
atAF0,—1,—2,.,, A212, 35,00 Ae O12, ee ee 


38) 


¥ (0) =1, fiir die genaue Gestalt der Entwicklung (51) siehe man WINKLER, 
[19]. Der Fall mit n = 3 ist von DARLING, [4], untersucht worden, 
39) MEIJER, [16]. 
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Neurology. — On a new form of experimental position-nystagmus in the 
rabbit and its clinical value. By A. BIEMOND, chef-de-clinique of the 
Neurological Clinic, Wilhelmina Gasthuis. (From the Neurological 
Clinic (Director Prof. B. BRouwER) and the Otological Clinic 
(Director Prof. A. DE KLEyN), University of Amsterdam.) (Coms 
municated by Prof. A. DE KLEYN.) 


(Communicated at the meeting of March 25, 1939.) 


In 1913 ROTHFELD described a regularly appearing position-nystagmus 
in rabbits intoxicated with alcohol. ROTHFELD thought that this nystagmus 
was a consequence of the suppression of the compensatory position of the 
eyes, DE KLEYN and VERSTEEGH, however, in 1930 demonstrated that the 
relation seen by ROTHFELD was present only in cases of more severe intoxi- 
cation while with lighter degrees of intoxication the position-nystagmus 
and compensatory eye-positions appeared simultaneously. 

Even before this experimental demonstration, position-nystagmus had 
been observed in man by OPPENHEIM who in 1912 described a patient with 
a tumour in the posterior fossa of the skull. This patient showed a nystag- 
mus only when the body was in a lateral position. The next clinical 
observations came from BaRaNy who in 1913 and 1921 described patients 
who complained of dizziness and showed nystagmus only when the head 
occupied a definite position. An analogous observation was made by Voss 
(1921) who tried to show that only tonic labyrinthine reflexes were 
responsible for the position-nystagmus seen in his patient. In 1922 this 
interpretation was criticized by DE KLEYN and VERSTEEGH who made it 
clear that in Voss’ patient also neck reflexes could be active. These authors 
then reported a case of position-nystagmus in man is which by exact testing 
it could be shown that here, at least, the nystagmus occurred only by 
changing the position of the head with regard to the trunk and not merely 
by changing the position of the head in space. 

Later on, position-nystagmus was repeatedly seen by other clinicians 
in cases of tumour of the posterior fossa. Casual observations of this kind 
were published by Buys, MARTIN and VAN BOGAERT (1926), WINTHER 
(1930), GUILLAIN (1935) and others. 

In a systematic way this problem was studied in 1931 by NyLEN who 
investigated 150 cases of brain tumour for the precense of position-nys- 
tagmus. This symptom appeared to have a great diagnostic significance for 
cases of tumours of the posterior fossa of which 50—60 % showed this 


sign. NYLEN assumed that the cause of position-nystagmus in cases of 
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tumour lay in the changing pressure by the tumour on the vestibular nuclei, 
when the position of head and trunk was altered. 

It is clear however that the ‘‘pressure’’-theory cannot hold in those cases 
of position-nystagmus in man where there is no tumour present. There is 
a further difficulty that position-nystagmus has been seen in cases of 
peripheral labyrinthine disease as well as in patients with perfectly normal 
peripheral apparatus. One speaks therefore of peripheral and central 
position-nystagmus. And, finally, it was shown that tonic labyrinthine as 
well as neck reflexes can play a réle in this mechanism. Therefore one 
must say that for the time being we are groping in the dark for the cause 
and the significance of this peculiar symptom. 

The following recent clinical observations made in the otological and 
neurological university clinics of the Wilhelmina Gasthuis in Amsterdam, 
led to a renewed study of this problem. 


Case 1. A woman of 41 years was admitted to the otological clinic on 
September 22, 1938 complaining of severe dizziness and vomiting. The 
patient reported that these symptoms started some weeks earlier, more or 
less in association with a common febrile condition. The dizziness occurred 
especially when the patient was lying in the right lateral position (R.L.P.). 
In fact it appeared from the clinical investigation that a distinct horizontal 
nystagmus to the right was present with the patient in this same position. 
It was not present with the patient in the recumbent and the left lateral 
position (L.L.P.). The nystagmus was even more marked when the patient 
lay first for some moments in the L.L.P. and then was changed into the 
R.L.P. The hearing was intact on both sides. No tinnitus. The vestibular 
reactions (caloric and rotatory) were normal and equal on both sides. The 
reactions with the basculing table (RADEMAKER and GARCIN) were normal. 
On October 10th the patient was transferred to the neurological clinic to 
complete the examination. From this it appeared that the patient had an 
hypaesthetic zone in a small area covering a part of the right side of the 
neck, the right external ear and the adjoining part of the occiput. The 
boundaries of this zone agreed approximately with the dermatomic repre- 
sentation of C2. Furthermore, it was stated that Erp’s point in the right 
supraclaviculor fossa was painful upon pressure and that the patient had 
been afflicted since 1934 by a from time to time recidivating brachial 
neuritis of the right arm. For this affection she had been treated some 
years ago in a neurological out-patient department. Other neurological 
disturbances were not stated. All reflexes were normal. X-rays of the skull 
and vertebral column gave normal pictures. Also, by lumbar puncture no 
abnormalities were found. The investigations of the internal organs, blood 
and urine were negative. 

The complaints of dizziness and the finding of hypaesthesia in C2 
gradually diminished without treatment. After some weeks the symptom of 
position-nystagmus could no longer be elicited. The patient remained a 
little bit dizzy for a rather long time. Nevertheless, on January 14th she 
was discharged without objective or subjective symptoms. 


Case 2. A woman of 37 years. who shows a typical achondroplasia, 
was admitted on September 7, 1938 to the otological clinic, complaining 
of dizziness existing for some weeks and especially occurring in the LLP. 
From the clinical examination it appeared that a distinct horizontal position- 
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nystagmus was present with the patient in the L.L.P. Also here the symp- 
tom was more marked when the patient was placed first in the R.L.P. and 
then changed to the L.L.P. The hearing was good on the right side but 
greatly diminished on the left. There was a dry perforation of the left 
tympanum. There was no discharge. The vestibular reactivity (only 
rotatory) was normal and equal bilaterally. Also the balancing reactions 
were normal. On September 19 the patient was transferred to the neuro- 
logical clinic. Here it was found that there was a distinct left-sided brachial 
neuritis with pressure pain on Erp’s point, on the left side of the neck 
and also along the peripheral nerve trunks. There existed paraesthesias in 
the fingertips of the left hand but no objective disturbances of sensibility or 
motility. The patient told us, that she had had these symptoms for a long time, 
long before the appearance of the dizziness. The tendency to dizziness from 
the assumption of a certain position of the body and the sensitiveness of 
the left arm are still present. The position-nystagmus, however, is gradually 
diminishing. Diathermy of the left shoulder and arm has been given with 
some beneficial effect. The remaining neurological and internal investigation 
gave no positive findings. The X-rays of the skull, vertebral column and 
long bones of the extremities showed the typical abnormalities of achon- 
droplasia. No fluid was obtained by lumbar puncture. 


Case 3. A woman of 44 years was admitted on December 14, 1938, 
to the neurological clinic. Three weeks previously pain appeared low in 
the right side of the neck. Some days later the pain extended into the right 
shoulder and in 10 days more the right arm and hand, also, were involved. 
The pain appeared subjectively to stream from the shoulder to the finger- 
tips. Four days prior to admission the patient experienced dizziness (with 
typical rotatory sensations). She could find relief from the dizziness only 
when she turned her head to the right or was lying on the right side. 

Clinical examination revealed a distinct spontaneous horizontal nys- 
tagmus to the right, even present in the recumbent position, diminishing and 
often disappearing in the R.L.P. or on turning the head to the right and 
becoming very marked in the L.L.P. or on turning the head to the left. The 
hearing was normal on both sides. The vestibular reactivity (caloric and 
rotatory) was equally normal (otological clinic). The balancing reactions 
were not examined. From the neurological examination it appeared further, 
that the right cervico-brachial plexus was very painful to pressure; the 
triceps reflex was absent on the right, the strength of the right triceps 
muscle was diminished, The second and third finger of the right hand were 
hypaesthetic. Other disturbances were not noted. The X-ray examination 
of the skull and cervical vertebrae revealed no abnormalities. Both lumbar 
and suboccipital punctures were done and gave normal findings. The 
patient was treated exclusively for the neuritic symptoms of right arm and 
neck (dry heat, salicylates, diathermy). As these neuritic symptoms 
improved, there was a parallel reduction of the dizziness and position- 
nystagmus. When the patient was discharged from the clinic (February 4, 
1939) she was entirely free from complaints. A follow-up record of March 
23 revealed that she remained in good health. 


Thus we have described 3 patients, all of whom had in the course of a 
neuralgia (neuritis or radiculitis) cervico-brachialis complaints of dizziness 
occurring with a definite position of head and body and all of whom 
showed on examination a position-nystagmus in these same positions, In 
all 3 patients the vestibular reactivity was normal: in 2 of the 3 cases the — 
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hearing was intact, also. The position-nystagmus pointed always with the 
quick component to the side of the affected arm (in cases 1 and 3 to the 
right, in case 2 to the left). It was elicited in cases 1 and 2 by lying on 
the side of the affected extremity. In case 3 just the opposite relation 
obtained; here the nystagmus was most marked on turning the head (or 
head and trunk) to the unaffected side. In 2 cases the dizziness and 
position-nystagmus disappeared almost simultaneously with the cure of the 
neuritic symptoms. In one case both affections still remain. 

The above described observations raised the idea that there existed a 
causative relationship between the cervico-brachial affection and the 
occurrence of dizziness and position-nystagmus. | therefore tried to establish 
this relationship also by experimental investigation. In order to do this the 
second cervical root was cut at the point of emergence from the inter- 
vertebral foramen in a series of rabbits, operated upon in the laboratory of 
Prof. A. DE KLEyN. The operations were made under aether-narcosis. In 
most cases we succeeded easily, after displacing the neck muscles lateral- 
ward from the middle, in finding and cutting the second cervical root in the 
intervertebral foramen. In a few cases there occurred a severe venous 
bleeding from the deeper regions resulting in the death of the animal. In 
the large majority of cases the operation was easily accomplished. In 6 
rabbits the right, in 4 the left second cervical root was cut. In 8 of these 
10 cases (5 on the right, 3 on the left) there occurred, a few minutes after 
the cutting (while the animal remained on the operating table and narcosis 
was permitted to become light), a typical position-nystagmus. Whereas in 
the normal, upright position of the head no trace of nystagmus was to be 
seen, it appeared immediately after turning the head (the trunk remaining 
fixed) to the right or to the left. This nystagmus was, in every case, in the 
upper eye, at first, a few minutes after cutting, of a rotatory character; 
later on more and more purely horizontal. The quick phase of the rotation 
turned the upper pole of the eye in a temporal direction. The horizontal 
nystagmus which followed pointed with the quick phase forward (and 
somewhat downward). The lower eye presented, at the same time (equal 
on right or left turning of the head) a horizontal nystagmus with the quick 
phase backward (and somewhat upward). The nystagmus was thus of an 
associated character. In only one experiment was a nystagmus of dissoci- 
ated character observed. In all cases a compensatory eye-position was 
normally present after turning of the head. The described nystagmus was 
observed in the same manner when the animal, after closing of the wound, 
removal from the operating table and disappearing of the narcosis, was 
placed as a whole in the right or left lateral position so that the position of 
the head with relation to the trunk remained unchanged. On rotation of 
the animal in different positions around a bitemporal axis of the head, no 
nystagmus occurred, This test was performed in only one experiment, but 
it must be pointed out again that in all of the experiments there was no 
nystagmus in the normal position of the head and trunk in space. 
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The position-nystagmus could be elicited only during a restricted time 
(an average of $ to ¢ of an hour) after the operation. In this period the 
intensity gradually diminished, the nystagmus became slower and the 
excursions followed each other at greater intervals. By giving a sensory 
stimulus (f.i. pinching the back of the neck) we were able repeatedly to 
reinforce a nystagmus which was nearly extinct. We got the impression 
that the position-nystagmus in the lateral position opposite to the side of 
cutting usually persisted somewhat longer than in the ipsilateral. 

Without exception, the animal, after the operation, held his head in a 
normal position. After recovering from the narcosis the animal could walk 
in a normal manner. 

In 3 further experiments the second cervical root (in this case the right) 
was left intact and was stimulated galvanically with a bipolar electrode on 
the same spot where in the former experiments the cutting was performed. 
In 2 of these 3 experiments a distinct position-nystagmus occurred, in 
which the form and direction were similar in the upper and lower eyes to 
those described above in the cutting experiments. 

In one experiment the right and left second cervical roots were cut 
simultaneously. In this case, also, a distinct position nystagmus occurred, 
in all ways similar to that described above. 

Several times we examined normal rabbits under narcosis for the presence 
of position-nystagmus. It was never seen, so that narcosis cannot play a 
significant réle in its production. The investigation remained restricted to 
cutting (or stimulation) of the second (right or left) cervical root. An 
operation on the first cervical root was not done because in this case a 
complicating lesion of the floor of the fourth ventricle by bleeding could 
not be excluded with sufficient certainty. The third cervical root which 
ramifies directly after its emergence from the intervertebral foramen, can be 
completely cut only by opening the vertebral canal. This operation presents 
great technical difficulties such as severe venous hemorrhage which is 
usually fatal. In the few experiments of this type we have done we have not 
succeeded in cutting this root. It is, of course, desirable to complete the 
experiments by further attacks on the third and lower cervical roots. 

Thus it can be concluded with sufficient certainty that cutting (or 
stimulation) of the second cervical root in rabbits elicits a typical position- 
nystagmus. 

From these experimental findings in rabbits and the above mentioned 
clinical observations, it can be considered probable, that also in man a 
process of the cervical roots can produce position-nystagmus and dizziness. 

Apart from position-nystagmus caused by brain tumours localized in the 
posterior fossa, if we are correct, there must be reserved a place in the 
clinical symptomatology for position-nystagmus of peripheral (cervical) 
origin, 


The combination of neuritis (or radiculitis) cervico-brachialis with 
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dizziness and position-nystagmus thus receives its own nosological 
significance. 


Many aspects of this problem remain unsolved, however. A careful 
anatomical control of the described experiments has to be done. In 2 of our 
experimental animals the cervical cord and brainstem will be cut serially 
and stained by the Marcui-method. Perhaps we shall thus get an insight 
into the pathways that a stimulus from the second cervical root must follow 
to produce an irritation of the vestibular nuclei. Our present anatomical 
knowledge in this respect is insufficient. It is possible that the position- 
nystagmus in our clinical cases was a manifestation of an unilateral 
irritation of the vestibular nucleus (nuclei). Noteworthy is it in this con- 
nection that the nystagmus in all 3 cases pointed with the quick component 
to the side of the affected arm. The lateral position in which the nystagmus 
occurred was, however, in the first and second cases directed towards the 
affected arm, in the third case just the opposite. In rabbits both lateral 
positions gave position nystagmus regardless of the side operated upon. 
To what extent here, also tonic neck reflexes are active, must further be 


investigated. 

Certainly it must also be examined in how far cervical root irritation 
plays a réle in the nystagmus and position-nystagmus described in certain 
cases of affection strictly limited to the spinal cord. 
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